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The chiral Luttinger liquid model for the edge dynamics of a two-dimensional electron gas in a strong
magnetic field is derived from coarse-graining and a lowest Landau level projection procedure at arbitrary
filling factors v<<1—without reference to the quantum Hall effect. Based on this model, we develop a formal-
ism to calculate the Landauer-Bilker conductances in generic experimental setups including multiple leads
and voltage probes. In the absence of tunneling between the edges the “ideal” Hall conductayces (
=e?y/h if lead j is immediately upstream of leai and Gjj=0 otherwisg are recovered. Tunneling of
quasiparticles of fractional charge# between different edges is then included as an additional term in the
Hamiltonian. In the limit of weak tunneling we obtain explicit expressions for the corrections to the ideal
conductances. As an illustration of the formalism we compute the current- and temperature-dependent resis-
tanceR,,(I,T) of a quantum point contact localized at the center of a gate-induced constriction in a quantum
Hall bar. The exponent in the low-current relatiorR,,(1,0)~1%"2 shows a nontrivial dependence on the
strength of the inter-edge interaction, and its value change$\ds, whereV,=hl/ve? is the Hall voltage,
falls below a characteristic crossover enefigyfd, wherec is the edge wave velocity ardlis the length of the
constriction. The consequences of this crossover are discussed vis-a-vis recent experiments in the weak tun-
neling regime.
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I. INTRODUCTION the relation between the net current and the displacement

fields and leads to two independent chiral fiells which

The quantum Hall effectQHE) has been for the last 20 npow satisfy the anomalous commutation relation
years an amazingly rich source of experimental and theoret-
ical resultd~3 (for a review, also see Refs. 4} @&xotic con-
cepts such as incompressible quantum Hall liquids, fraction- oy S V] — i 20 oy
ally charged quasiparticlés and composite fermiofs™? (600, 8px)]=1me 8000p80MX=X"),  (2)
have become part of the everyday language of physics. One
of the most interesting developments triggered by the QHEvhere =3 tanh }(g/2) is a measure of the strength of the
has been the realization that tleelge of a quantum Hall  original left-right coupling. TheyLL model arises when one
liquid'* provides a clean realization of the chiral Luttinger considers jusbne of these two fields, with commutat¢).
liquid (yLL).>® The anomalous commutator leads to a rich phenomenol-

As is well known, the Luttinger liquidLL ) concept—first  ogy, including absence of the usual electron quasiparticles,
introduced by Haldaré, building on an earlier exact solu- anomalously slow decay of correlation functions, nonlinear
tion of the Luttinger liquid modef%—is the accepted para- transport properties et . . Needless to say these effects are
digm for the low-energy behavior of interacting Fermi lig- very difficult to observe experimentally, due to the dramatic
uids in one dimension. In the LL model two types of impact of even a modest concentration of impurities on the
fermions—right movers and left movers—are coupled by arproperties of a one-dimensional quantum syst&’
interaction of strengthg. Each type of fermion by itself It was therefore welcome news when, in a seminal 1990
forms a chiral Fermi liquid, and its density fluctuation paper, WefP*®?8showed that the density fluctuation excita-

Sp.(x) [a=left (L) orright (R)] can be expressed as the tions at the edge of an incompressible quantum Hall liquid at

derivative of a bosonic displacement fielg,(x) that satis-  filling factor »=1/q (q=odd integer) correspond to those of
fies the commutation relations a yLL with e 2=y, Unlike one-dimensional metallic sys-

tems, the edge of a quantum Hall liquid is essentially unaf-
5 VT ! fected by disorder, so thgLL ideas could finally be put to
W(X),dp(X")]=17S,0,550N(X—X"), 1 . ) - M
[$a(x).65(x")] sl ) @) an accurate experimental t&3t° Following Wen’s insight
wheres,=1 for «a=L ands,=—1 for «=R. The interac- the analysis was extended to more complex hierarchical
tion between right and left movers can be eliminated by &QHE states, where it turned out that one can have multiple
transformation/canonical up to a scale facjdhat preserves branches of edge excitatior(e., multiple yLLs), some
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propagating in opposite directions, and disorder plays a rolevhere q is an odd integer. In terms df and e* we can
in ensuring the correct value of the quantized Hallfinally calculate the corrections to the ideal Hall conduc-
conductancé®>2 tances: the final expressions involve the differential tunnel-

Understandably, these papers created a widespread beligf) conductance, i.e. the derivative of the tunneling current
that theyLL behavior of the edge is inextricably tied to the With respect to the potential difference between the two
QHE in the bulk. For one thing, the energy gap of the quan€dges.
tum Hall liquid state was believed to be essential to ensure In Sec. VIl we present a perturbative study of the nonlin-
that the low energy excitations are confined to the edges d#ar resistanc®,,(1,T) of a quantum point contact situated
the system. It thus came as a big surprise when Graysofithin a constriction in a quantum Hall b#t The perturba-
et al® reported that the(LL could be observed in a whole tion theory is valid forR,,<h/e®. This study generalizes
range of filling factorsi <v<1 and was apparently unre- Wen's original treatment of this phenomeriband the later
lated to the quantization of the Hall conductance. study by Moon and Girvitf by including the effect of an

In Sec. Il of this paper we will argue that the validity of inhomogeneous short-ranged interedge interaction, i.e., an
the yLL model for the edge dynamics of a two-dimensional interaction that is strong in the region of the quantum point
electron liquid at high magnetic field follows from elemen- contact, but becomes weak as one moves away from it. In
tary semiclassical considerations, which should be valid a¥Ven's paper a repulsive, but translationally invariant, inter-
any filling factor and have nothing to do with the occurrence€dge interaction leads to decreasen the tunneling expo-
of the quantum Hall effect. The essential point is that thenenta defined byRy,(1,0)~1972 or R (0,T)~T* 2. This
hydrodynamic modes, obtained by “integrating out” fluctua- would make the behavior of the resistance even more singu-
tions that are rapidly varying in timéon the scale of the lar than in the theory without inter-edge coupling at low
Cyc|otr0n frequencyand in Spacéon the scale of the mag- temperature and bias voltage. Our calculations indicate that
netic |ength'34 are automatica”y bound to the regions of the interplay of the interedge interaction with the broken
space in which the gradient of the equilibrium density differstranslational invariance alters the relationship between the
from zero, i.e., to the edges of the system. In addition, théunneling exponent and the strength of the interaction in the
algebra of the edge density fluctuatioipsecisely defined in ~ constriction region. The new relationship is relevant when
Sec. 1) follows from the algebra of the projected density eithere*Vy,, (Vy=hl/ve® being the Hall voltageor kgT
operators, when the latter is averaged on a length scale that@e above a geometric energy scatéd, wherec is the edge
large compared to the magnetic length. wave velocity andd is the length of the constriction. For

In Secs. IlI-1IV we develop the formalism for the calcu- realistic values of the parameters this energy scale is in the
lation of the Landauer-Btiker (LB) conductances for ge-  range of 100 mK. Above this “crossover” energy the tunnel-
neric experimental arrangements including multiple termi-ing exponent turns out to be larger than expected from the
nals connected to the system by leads. Ordinarily, the LBoninteracting theory and fortiori, from Wen’s interacting
theory expresses the conductar@g (which connects the theory.
current in theith terminal to the voltage applied to thén All these results suggest that a quantitative comparison
one in terms of the transmission probability of an electronbetween theory and experiment cannot ignore the interac-
quasiparticle from one terminal to the other. But, in thetions between the edges of the quantum Hall liquid in the
present case, there are no electron quasiparticles. Instead, tiggion of the constriction. In particular the exponents of the
voltage applied to one terminal induces a train of collectivecurrent-voltage relationship may be non-universal in the ex-
waves which propagate along the edges of the system arfirimentally accessible range of temperatures, reverting to
eventually feeds a current into several different terminals. Itniversal values only at extremely low temperatures. Evi-
is not surprising therefore that the conductance can be exdence for nonuniversal behavior in the tunneling exponents
pressed solely in terms of the displacement field propagatorfas rgecizntly surfaced from several different points of
along the edges of the system. We show that this approach, Mew.”
the absence of interedge coupling, yields the ideal Hall con-
duct_ances even in the presence of inhomogeneities that CaUSE HERIVATION OF THE CHIRAL LUTTINGER LIQUID
partial reflection of edge waves. MODEL

Deviations from the ideal Hall effect can and do occur
when the possibility of inter-edge tunneling is taken into ac- Consider a two-dimensional electron liquid in a strong

count. This subject is taken up in Secs. V-VI. Due to itsperpendicular magnetic fiel= — Bz such that all the elec-
quantum mechanical origin tunneling is not included in thetrons reside in the lowest Landau lev&lLL ). The hamil-
semiclassical hydrodynamic description and must be introtgnjan, projected within the LLL, has the form

duced “by hand.” We describe tunneling in terms of two

parameters, the tunneling amplitudeand, most importantly, 1

the chargee* of the quasiparticles that are transferred from g:_j drf dr’ﬁ(r)V(r—r’)ﬁ(r’)+J drVe(r)p(r),
one edge to the other. Since a fundamental theorg*oht 2

general filling factors is not yet available one may choose to (©)
treate* as a phenomenological input parameter, whose value )

may be determined from experiments. Alternatively one carwherep(r) is the number density operatprojected in the
choosee* = ve which is believed to be correct at=1/q, LLL, V(r—r") is the electron-electron interaction potential,
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and Vy(r) is an external potential. Both the kinetic energy
and a self-interaction-removing term are just constants, anc
a)
have therefore been dropped.
Next we write the density operator as the sum of the clas-

sical equilibrium density(r) and a fluctuatiorﬁ;}(r):
p(r)=po(r)+ 8p(r), @
wherepg(r) is determined by the equation
f dr'V(r=r")po(r’)+Vo(r)=pu, (5

and u is a constant fixing the total number of particles. This
gives(again, up to a constant

.1 - ~
H:EJ drf dr’ Sp(r)V(r—r")dp(r'). (6)

The commutation relations between projected density op-
erators at different are easily deduced from the well known  FIG. 1. (a) Description of the device used in the experiments. A
resulf® two-dimensional electron gas is in contact with several reservoirs.
Two, the sourcéS) and the draifD), are used to inject and extract
[;,(q) ,f)(k)] = (ek* at?2_ - kq*fz/Z);,(k+ a), (7) a current. The otherdour in the figur@ are used as voltage probes.
Each reservoir contacts two edgéabeled by roman numerals
wherek=k,+iky, g=a,+iqy, {=(Ac/eB Y2is the mag- Gate voltagegG) create a depletion zone and force the edges to
netic length, and X,y,z) form a right-handed coordinate stay close. The current flows are shown in the figlse Expanded
frame. view of the edge region. Density fluctuations exist only in a limited
Since we are interested in the dynamics of long waveregion around th& axis (the shaded region in the figuré\e inte-
length density fluctuations, we expand the right-hand side ofrrate over the directioly perpendicular to the edge to obtain an
(7) to leading order irk¢, g¢ and transform to real space. “edge density fluctuation” that depends only on the position along
This gives the edge.

[ﬁ(r),ﬁ(r’)]zi€zeijaip0(r)aj o(r—r’), (8)  the boundary of the electron liquid is divided by leads into
. . ) different “edges” labeled by roman numerals. The leads are
wherei,j denote Cartesian components in they) plane, connected to reservoirgabeled 14 in Fig. L There are
=3l or; € _is the two-dimensional Levi-_Civita tensor, and 450 two special reservoirs, the “sources) and the “drain”
repeated indices are summed over. Notice that we have rep) Each reservoir is connected to two edges. We introduce
placed the density operatp(r) on the right hand side of Eq. a one-dimensional coordinate, that keeps track of the po-

(8) by its equilibrium expectation valugy(r): this is legiti-  sition along edger (a=i,ii,iii. .. in the examplg growing
mate as long as we are interested only inlthear dynamics  continuously along the direction of the arrows, i.e., from
of small fluctuations about the equilibrium state. source to drain. We denote by, the point where the lead

The remarkable feature of E(B) is that the commutator coming from reservoii contacts the edge. At each point
is proportional to the derivative of the ground state densityalong an edge we attach a logahxis normal to the edge.
This implies that hydrodynamic density fluctuations areThe density varies rapidly as a functionyfnd slowly as a

bound to regions where the equilibrium density varies, andunction ofx. We therefore introduce an integratedge den-
are absent from the regions of constant density. This can bsity fluctuation

seen most clearly by writing down the equation of motion for
the density fluctuation, which is easily seen to have the form R R
5p(x,) = [ dyspox, ) (10
3:8p(r,t)=€d,po(r) s-»ﬁf dr'V(r,r")ép(r’,t). (9) _ _
wp L9ipo(r)Jeij ) P where the edge is located at abgut 0 and the integral over
Because this equation agrees with what one finds by takiny €xt€nds far enough to include the whole region in which
the large magnetic field limit of the hydrodynamic Euler (e density fluctuations differ from zersee Fig. 1 From
equationd we will call our approach “hydrodynamical.” algebra(8) one can then derive the commutation rules for

The fact that the hydrodynamic density fluctuations are®dge density fluctuations. In Appendix A we show that
proportional to the derivative of the equilibrium density im-

plies that they are concentrated near the edges of the system ~ N N1 V(Xa)Sq o
where the density profile has a strong variation. Let us con- [p(Xa), 5p(Xp)] ! 2 Oapdu, O Xa Xg),
sider, for definiteness, the model depicted in Fig. 1, where (11
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wheres,=1 if « is a left edges,=—1 if « is a right edge,
v(x,) is the equilibrium filling factor[defined asv(x)
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is Hermitian, and has the following propertigd) All the
eigenfrequencies, are real.(2) If ¢,(x,) is an eigenfunc-

=2ml2po(x)] in the bulk contiguous to the edge labeled tion with frequencyw, thene* (x,) is an eigenfunction with

“a.” Edge fluctuations on different edges commute.

frequency— w, . (3) The eigenfunctions,,,(x) form a com-

For constantr Eq. (11) reproduces the Kac-Moody cur- plete basis in the Hilbert space with the completeness

rent algebra for the density fields in the chiral Luttinger lig-
uid model. Due to the presence of the noninteger faetor

these commutation rules imply that each edge withl

exhibits yLL behavior, even if all interactions between dif-
ferent edges are turned off. Notice that our derivation of the
xLL has nothing to do with the quantum Hall effect: it only

depends on the coarse grainiftge hydrodynamic approxi-
mation) and on the high magnetic field limfthe projection
in the LLL). The derivation is valid for arbitrary value of,

12 S @n) @n(Xa) @7 (Xp) 9, = SuPupdXa = Xp),
(19
and the orthonormality conditions

2 isaJ anQD:(Xa)axaq’m(xa):Sgr(wn)anm- (20)

whereas the quantum Hall effect occurs only at special valThe proof of these relations is provided in Appendix B.

ues of v for which, as will be argued below, the strength of

It is straightforward, with the help of the above relations,

tunneling between different edge states becomes negligibleo show that the density fluctuation field can be expanded on
In terms of edge density fluctuations, the Hamiltonian bethe basis provided by the,’s as follows:

comes

HZEE

S, [ x| axapcvi x) a0, 12

whereV(x, ,xp) (=V(xg,X,)) is constructed from the origi-
nal interactionV(r,r') by puttingr at positionx, along the
edgea, andr’ at positionx;g along the edgg. By using Eq.

(11) and Hamiltonian(12), the equation of motion for edge

density fluctuations is immediately found to be

V(Xa)sa * ’ ’ ~ ’
5 _xdxﬁﬁxaV(xa,xB)ép(xﬁ).

13
Rather than pursuing the solution of EG3) in general, we

9Op(Xe)=—

shall henceforth restrict our attention to the special case i

which all the edges share the same bulk density, #,,)

=v independent ofxr and x. It is convenient to define the

“displacement field” ¢(x,, ,t) such that

5p(Xe 1) = (Xq 1), (14
These fields satisfy the commutation relations
~ ~ v ,
[(ﬁ(xa)v(ﬁ(X,,B)]:IESasgr(x_x )5aﬁ' (15)
Assuming a time dependence of the form
P(Xa ) =h(X,)e ", (16)
we see that Eq(13) takes the form
: gy VSq [ ’ ’ 3 ’
|waxa¢>(xa)= ﬁf_wdxﬁaxav(xa ,xﬁ)&xg¢(xﬁ).
17
The associated eigenvalue problem
. Vsa ” ’ ’ !
0 6000 = ot | i VO X))
(18)

-~ 14 A~ A~
0p(%a) =\ 5= 2 [Bndy en(Xa) +D1d, @h (Xa)],
2mTh=0 @ @
(21
wheren>0 specifies that only the positive frequency eigen-

functions are included in the sum and thes—one for each
n>0—are boson operators obeying the standard commuta-

tion relation[ b,, ,BI,]= Snn - At the same time, Hamiltonian
(12) takes the form

(22

It is instructive at this point to solve the eigenvalue equa-
fjon (18) in a simple case. We consider just two parallel
edges in a translationally invariant Hall bar geometry; 1
for the left edge and=2 for the right edgésee Fig. 2 The
interaction is assumed to have the form

Vi(X1—X1)  Va(X3—X3)

V(x,—Xp)= (29

Vo(Xa—=X1)  Vi(Xp—X5) )

where V, and V, are translationally invariant interactions
between density fluctuations on the same edge and on differ-
ent edges respective(fhe coordinateg;, andx, are set up

to have the same value on points at the same “height” on the
two edges We seek the solutions of E@18) in the form

o(X,) = ¢,(k)e**«. This leads to the 2 eigenvalue prob-

lem
. (1 0 (51)
iw _ 1,
®2
(24)

0 -1
whereV,(k) andV,(k) are the Fourier transforms &f;(x)
and V,(x) (the upper part of the spinor refers to the left
edge. The eigenvalues are

0= == V2(K) — V(KK
2ar 1 2 ’

T 27\ Vy(k)  Vy(k)

Zl) B ikv(Vl(k) Va(k)
2

(25
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[ll. FORMULATION OF TRANSPORT

In transport theory we need to calculate the change in the
currentl; that flows into reservoir “i” due to a change in the
potentialV; of reservoir “j™:

8li=2 GjjdV,. (29)
J

(The conductance matrix eleme@g will in general depend

on the initial valuesv; of the applied voltages: these initial
values will be referred to as “bias voltages.The current
will be considered positive when it enters a reservoir and
negative when it leaves it. Due to gauge invariance and cur-
rent conservation thé;;s (under steady-state conditions
satisfy the constraints

; G”:}i‘, Gi;j=0. (30)

These constraints specify the values of the diagonal conduc-
tancesG;; once the off-diagonal ones wiil# j are known.

The form of the edge current-density operal¢x,) is
dictated by the continuity equation

FIG. 2. Schematics of a translationally invariant two-terminal
device. 8013p(Xo) = Ol (X4, (3D

and for each positive frequency there are two solutions: th(‘éVh'Ch immediately gives

“up-moving” one is

1o(X) =€ ba(X). (32
1 Uk This current density is positive when it flows along the di-
op(Xy)= —( ikx ) (26)  rection of the arrows in Fig. 1, and negative otherwise. Thus,
\/H —ugeT? the current flowing into terminalis given by

with k>0, and the “down-moving” one is

8i=2 €6l (Xai), (33

1 vkefikxl
d _ where
QDk(Xa)_ \/H(_Ukeikxz ! (27)
+1 if a entersi
also with k>0. Here, as usual, we have normalized the £,={ —1 if a exitsi (34)
eigenfunction_s with th(_e factor L wherelL is Fhe _Iength of 0 otherwise.
the edge. This length is assumed to be arbitrarily large, and
will not enter the physical results. On the other hand, theThe linear response of the current density to a periodic varia-
presence of the normalization factor/k/is imposed by the tion of the electrical potentiadV(x,) is given by
orthonormality conditions. Since these conditions require )
ug—vi =1, one can writes, = coshé,, v,=sinhg, and 5|(Xa)=ig S fdka(xk)f gt
B 0

V,(k N - oo
tanh 2ek=£. (28) X([deb(Xq 1), 0y d(Xp) eI (35)

Vi(k) s

wherew is the frequency and. . . ) denotes the equilibrium

Thus, we have recovered the standard expressions for thgerage. A first integration by parts with respect to time gives
dispersion of the edge waves in the ordinargnchira) Lut-

tinger liquid model. However, we emphasize that, in the e? , , )
present model, thgLL behavior persists even if the interac- ~ 91(Xa) =1 ¢~ % J dxgl@dy D(Xa Xg; @) JOV(Xp),

tion V5 is turned off. This is due to the anomalous commu- (36)
tator [Eq. (11)] between density fluctuations on the same
edge. where
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b o= —oni [Ciro S ix ) Tyl (01 9t functions vanish fofx|—c we shift the wave vectok in-

(Xa Xg; @)= =2 0 {[¢(xa:0).d(xg)])e t finitesimally into the complex plane, settingc—k
(37) +insgnX) in Eq. (26) and K—>k—in§gn(><) in Eq. (27).

. . ) . Next, we substitute these eigenfunctions into E28) and

is the retarded displacement-field propagator, whose explicity ert the sum ovar into an integral along the real axis of

expression in terms of “phonon eigenfunctions” is the complex variabl& We readily find that only the poles at

, , (i i . . i
<Pn(Xa)€0§(XB) ) <P§(Xa)<Pn(X,3) k (w+imn)/c contribute to the integral which thus yields

D(Xy Xpiw)=v 2,

iSo| wo—wytin wto,+ig | ( u? _UU)
38 —ilim wD(X,,X;;0)=v0(X,— X,
(38) wﬂow (Xq B w)=vO( ,3) —up 02
In doing the integral by parts we have exploited the )
’. r 7 9 ’ —u
fact that gD (XqXjit=0")=—2mi[d(X,). 0 d(x})] +V@(X;3_Xa)(_” 2”),
*8,50(Xo—Xp) vVanishes unlesg, andxg coincide. It will o u
be shown below that this condition is always satisfied in the (41

relevant region of integration. o

A potential changesV; applied to thejth lead can be Whereu, v are thek—0 limits of u, anduy.
modelled as a change of the potential on the two edges that Notice that in the case of decoupled edges-(, v=0)
enter and exit the reservoir. The change in potential is con®n€ has only upward propagation on the left edge and down-
sidered uniform over the portions of the edges that run insigé/ard propagation on the right one. This makes the conduc-
the leads, and drops to zero at the points of contact betwed@NCe Gij vanish unless the reservoijsis “upstream” of
the leads and the systefit must be borne in mind that what Feservoin, coGn5|_stent Wlth the deflnltlon_of at_jeal guantum
we are modeling here is the externally applied potential, notfall systenf® It is straightforward, at this point, to compute
the full screened potential that will appear all over the systhe two-terminal conductanc€s,,, G, of the simple device
tem in response to the external perturbatiofhus we see shown in Fig. 2. Since the source and the drain reservoirs
that the potential change associated with reseryair de- ~ contact both edges, and; = — &, for each edge, Eq40)

scribed by the equation gives us
v,
(9X185V(XB):§]': gﬁJé(Xﬁ_Xﬁl)SV] ’ (39) G]_Z:Te :GZl' (42)
where the “contact functionség; are defined in Eq(34). Interestingly, the presence of the faceor?’=(u—uv)? in the

We now combine Eqgs(36), (33) and (39). The integral relation between the current and the source-drain potential
overx, can be immediately carried odby part$ under the  does not imply a deviation from the ideal Hall conductance,
reasonable assumption that the phonon eigenfunctions decaince the relation between the Hall volta@es measured by
exponentially forx—+ i.e., well inside the reservoirs. ideal voltage probes applied to the two sides of the Hal) bar
This is physically expected to happen as the one-dimensionaind the source-drain potential is also modified by the same
edge channels broaden into a three dimensional reservofactor?’

Mathematically, one must make sure that the eigenfunctions

used to calculate the displacement propagator satisfy thig; ReFLECTION AND TRANSMISSION OF EDGE WAVES
boundary condition. The final result for the current arriving

at reservoiri via edge channek due to a potential distur- Before proceeding to the calculation of the conductances

bance applied to edge channglby reservoirj with i #j is in the presence of interedge tunneling we wish to take a
closer look at free edge waves in the presence of a constric-

e? ) tion that breaks translational symmettsee Fig. 3. This
8li=2 Y % €aibpi IM 0D (Xqi X gj s @) | 6V constriction can be created by depleting a portion of the
: o0 (40) sample by applying a voltage to metallic gates on top of the
mesa. When an edge wave of finite wave veétanpinges
The quantity within the round brackets is, by definiti@; . on the constriction it is partially reflected and partially trans-
Note that this equation specifies only the off-diagonal ele-mitted. How this affects the conductance depends crucially
ments {#]) of the conductance matrix. This guarantees thabn the behavior of the reflection coefficier(k) in the limit
X.i is macroscopically distinct fronxg; and validates our k—0. If r(0)=0 then there is no correction to the ideal
integration by parts with respect to time. Diagonal elementzonductancegin the absence of tunnelifgotherwise there
G;; are determined by continuity conditio30). will be one.

As a simple example consider the calculation of the To keep the analysis simple, we now assume that Weth
propagator in the translationally invariant geometry withandV, are short ranged on the scale of the density varia-
short range interactions, so that the phonon eigenfunctionsons: this means, in particular, that only points at the same
are labeled by a wave vectérand o,=ck wherec is the  value of x on opposite edges interact aMj,z(x) has the
velocity of the edge mode. To ensure that the phonon eigerform
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solution in a piecewise form. As in the standard scattering
theory we label the full solution with the quantum number of
the incident wave. For instance for an incident wave from the

o
=

=
-

: ! X X bottom on the left edg@ﬁl(x) we seek the “up-moving”
: : L solution in the form
i i b
| |y - QOO (), x<—d/2
A o SL0={ Al 0TBYG (), |x<d2 (45
j Voo [ E E qoks(X) x>d/2.
I 1 y

,’I \\ — '\\ — The wave vectork,, k,, andks in regions 1, 2, and 3,
i ~ = ~~ respectively, are determined by the condition that the energy
! ! ! : of the wave is not changed in the scattering, i.e.,
‘ ‘ ‘ ‘ Clkl:C2k2:C3k3, (46)
E E E E wherec,, ¢,, andcy are the sound velocities in the corre-

sponding regions. We remark that the wave functﬁjrll is
labeled with the wave vectdr; of the incident wave it origi-
nates from. In a similar way one can construct the “down-

- ) _moving” solution,
FIG. 3. The two types of constrictions we consider. On the right,

a semi-infinite constriction. On the left, a more realistic constriction ‘Pk (x), x<—d/2
localized in a finite region of the sample. For clarity the lateral _ ! 4. d
voltage probes are not shown. goﬂs(x): Adgi (\)+Bp (x), [x|<di2 (47
d d_u
V]_ V2(X) (Pk3(x)+r (Pk3(x)1 X>d/2
Vap(X)= Vo(x)  Vy | (43 Notice that the spinor-like eigenfunctiog&®(x) [see Egs.
(26) and (27)] are those appropriate for each regiot®,
where '@ are the reflection and transmission amplitudes for the
Vyp, x<-—df2 up{downy moving wave. The matching conditions are dic-
' tated by the physical requirement that there is no accumula-
Vo(x)=4 Va2, [X[<df2 (44  tion of energy at the interfaces. This is equivalent to the
Vys,  x>d/2. requirement of continuity of the solution at=*d/2 and

givesfour conditions from which the coefficienss B, t, and
Since the potential has a steplike behavior, with three difr can be determined. The solutions, expressed in terms of the
ferent values in the three regions 1, 2, and 3, we seek thmixing angles, are

i (ky+kg)d/2 \/071
u_ —
t cogkyd)cosh 6, — 63) —i sin(k,d)cosH26,— 6,—63) V c3’

cog kyd)sinh 6, — 63) +i sin(k,d)sinh(26,— 01 03) o-ikyd

cos{kzd)cosh 6,— 63)—i sin(k,d)cosh26,— 6,— 63)
(48)
cosH 53— 6,)e 1 (Kitka)d/2 \/(Tl
Al= — —
cog k,d)cosh{ 8, — 63)—i sin(k,d)cosi20,— 6,— 63) V c,’
Bu_ Sinh( 63— ,) €' (e~ k42 \ﬁ
~ cogk,d)cosh 6, — 65)—i sin(k,d)cosi26,— 6, — 63) N ¢,
The expression for the coefficients in the “down-moving” solution can be obtained with the substitutions
t'—t% ri—rd A'-BY BU—A¢ (49)
and
01— 63, 63— 61, C;—Cs. (50
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The reflection and transmission coefficients satisfy the relaare no other poles in the upper half-plane since hbt(R)
tion |r|2+ (¢, /c3)|t|>=1 which follows from the conserva- andr'(k) have poles in the lower half-plane. Thus, we ob-
tion law derived in Appendix C. By sendingjto zero one tain
can examine the case described in the left panel of Fig. 3.

Whend=0, one get¥ §

e“v
Go=——t"(wlc),

h
tU_ 1 \/C\l 2
~coshid.—o Voo v
cosh6;—63) Vcg Gu=—r(wlc), (55
sinh(6,— 6
u— _ coskr(( 01 0_3))' (51 and in the limit of zero frequency one recovers the exact
17 U3

quantization that characterizes the ideal fractional QHE. This

In Eq. (42) we have seen that the interedge interaction renort€Sult can be understood by observing that in the long wave-
malizes the two terminal conductan@, with the factor length limit the constriction becomes fully transparent to the
e 2 which gives rise to an effective filling factop current. The situation is quite different in the case of the

=pe 2% From this point of view by introducing the effec- ;em!-lnf|n|te constriction V\.’here(o) acquires a finite value:
] . ) ) ST o in this case one finds deviations from the ideal Hall conduc-
tive filling factor in the different regionsv;=ve <"

, ! &8 tance. It is amusing to see that expressi@® are similar in
(i=1,2,3), one can rewrite E¢51) a form to what the Landauer-Biiker theory would predict for
~ a situation in which particles are physically backscattered

V1T V3 from one edge to the other with probability0). However,
r=-——=, . :
v+ up to this point, our theory does not allow for the transfer of
1 3
charge between the edges.
2vs ey
t=——=\/— (52 V. TUNNELING HAMILTONIAN

V1+ &) C3

It is now time to consider the effect of charge tunneling

We can now ask how the reflection of edge waves modibetween different edges. The physical origin of tunneling lies
fies the conductances obtained for the translationally invariin the fact that the electron quasiparticles are not 100% lo-
ant case at the end of Sec. Ill. To keep the discussion agalized on one or the other edge: the density matrix
simple as possible consider first the situation in which thep(r,r’)=(¥T(r)¥(r')) (¥'(r) is the creation operator of a
interedge interaction is present only in the constriction requasiparticle at position) has a finite value even wherand
gion —d/2<x<d/2. Four reservoirs are attached to the sys—' are on different edges. This is true at all filling factors but,
tem above and below the constriction. A straightforward cal-of course, the range of the density matrix depends dramati-
culation with eigenfunctions of the form of EG#5) and(47)  cally on whether there are extended quasiparticle states at the
gives the following expressions for the dimensionless conehemical potential, and this in turn depends on the filling

ductanceg;; =hG;; [ve?: factor. The fractional QHE is believed to arise at electronic
densities such that there are no extended quasiparticle states
°° elkte™) at the chemical potential, so tha{r,r’) is exponentially
gzlzﬁfmdkmt (k), small whenr andr’ (on different edgesare separated by a

distance larger tharn €. This means that there is essentially
B no tunneling between the edges. Even in this case, however,
95:=0, tunneling can be induced by pushing two edges together as
in the constrictions studied in the previous section.
_ u Since the physics of tunneling is lost in the hydrodynamic
g41_ﬁf_xdkk_w/0_io+r (k), (53 approximation,(which is local in space and therefore does
not allow for any direct connection between the edges
with the transmission and reflection coefficients given by Eqneed to put it back in the Hamiltonian “by hand.” To this end

® e Tk(Xa+xq)

(48) evaluated forg; = 6;=0. They read we define a quasiparticle operatdt’(x,) which adds a
- ikd chargee* (not necessarily equal to the electron chaeje
tU(K) = - ' localized at positiorx, along thea edge. This is accom-
icogc,kd/c,) +sin(c kd/c,)cosi26,)’ plished by requiring thatV!(x,) satisfy the commutation

relation

sin(c,kd/c,)sinh(26,)e

u —
rilo= i cog ¢ kd/c,) +sin(c,kd/c,)cosh26,)

(54 o*
[V (%), 0p(Xp) 1= =~ Bapd(Xa=Xp) W iX,). (56)
The key observation at this point is that the exponential fac-
tors in Eq.(53) force to close the integration contours in the We hasten to say that we do not know, in general, what the
upper half-plane. Apart from the pole lat= w/c+i0" there  correct value ok* is. In some special cases, for example at
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filling factors of the formy=1/(2n+1) with integern, itis  in terms of a tunneling current propagator and will provide a
widely believed thae* = ve, but there is no general theory Perturbative evaluation of the latter.

for arbitrary filling factors. Let us then treat as a phenom-  First, let us introduce some compact notation. We define
enological parameter, and note that Es) is satisfied by B
ai n
. e [om X Bn=< AT) , 62)
Whxa)=0lexp —i—\/=-5, 2 ¢r(x,)b] bn
e 14 n>0

wherei=1(2) for the upper (lower) component, and the
associated phonon propagator

et 2x R
Xexpg =i —\ —S. 2 ¢n(Xa)bn| (57)
e 14 n>0

N i i At
. . D) (== -0)([BL(1),B]]). 63
whereU! is an operator that commutes with all this and (D=~ 7 OB, By ) (63

b™'s and increases the total char@e, on the edge by-e* Similarly we define
[0],Qz=e%6,,0". (58)

The statistics of the quasiparticle is determined by the

charge. Ife* =e and v=1 the fermion commutation rela-

tions are satisfied, otherwise the quasiparticle has a fraction

charge and a fractional statistics. Another point to be made is ro [ ij i (o

that ?he creation of a fractional charge is nF())t in contradiction D0%axg 't)_ﬁV(P”(X“)D“”’(t)(PJ”(Xﬁ) 69

with the quantization of the electric charge: the fact that thgsum over repeated indides

charge on the edge varies by a fractional amount simply The phonon operators satisfy the equation of motion

means that a compensating fractional variation must be oc-

curring deep in the reservoirs to keep the total charge in the o o] n-

universe an integer. 10,By=0nBr— 1, (66)
In terms of the quasiparticle operators, the tunneling be-

tween two edge§'left” and “right” ) coupled by a constric- where

tion atx=0 is described by the tunneling Hamiltonian

Ph(Xe)= (64)

@n(Xy) )
en (X))’
5P that the phonon field propagator can be written as

~ wn 0 . ’}ln
. - A N - ij — =
Ar=T:9](0)¥x(0):+T*: ¥ 0) P (0):, (59 Qy ( 0 —wn)’ Yn ( ) (67)
where I is a (phenomenologicaltunneling amplitude and gnq
. ... indicates the normal ordering. One can of course con-
sider more general situations in which tunneling occurs si- 2
multaneously at different points. Yn= 72 @n (0,). (68)
V1. TUNNELING CONDUCTANCE Then it is straightforward to verify that the phonon propa-
Let us consider the case of just two edges coupled by gator satisfies the equation of motion
constriction atx=0. The complete Hamiltonian is (—1) yi
) o (1081 = Q) Dy = —5— 8y Sur () = S G (1),
H= 2 fhonbibytHr, (60) 69)
where the tunneling terril;, given by Eq.(59), introduces where the auxiliary propagator
an interaction between the formerly free bosnﬁnras At the ) i N A
same time, the total charge on, say, the left edge is no longer gn(H)=— 20 t)([1+(1),B]) (70)
a constant of motion: its time derivative defines thieneling
current Iy as follows: satisfies in turn the equation of motion
7 P & et ; IRYed (Yo)*
1= =5 [Qu.Arl=i - [T¥[(0)¥x(0) (08—~ QDGHH=———Mrv), (7D
—T*¥L0)¥ (0)]. (61)  With
Looking back at Eq(40) we see that the task at hand is ~ B *2
that of calculating the correction to the displacement field Mr(t)=M+(t)— 52 (Hpa(v), (72)

propagator due to the interaction between the bosons. We
will now show that this correction can be exactly expressedind
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i ~ ~ 5Gaﬁ(xlx,)
Mr(t)=— 2 Ot)([I+(V),11]) (73 B
_ 20 Mr(@) , ' -
is thetunneling current propagator e "Lno ()0 (=x") —uv 02
This system of equations is readily solved by Fourier ¢
transformation with the following result: v?  —uv
+(—x)(x’)(_uU 2 +O(X)O(X")

u2

-w v
e )

—Uv

—Uuv

U2

nn’

. - hZ ) _
Dy (@) =[P (0) + S [DOTh, (@)Y, Mr(w)
€ X

XOYR)* (DO ()", (74 79
where[ D! () is the noninteracting phonon propaga- pytting this into Eq(78) and noting thatf,1=£34=1, &u2
tor. Thus the tunneling correction to the phonon propagator is- £g3=—1 (with the labels, j as specified in the figujave
expressed in terms of the tunneling current propagator, agnally obtain the correction to the LandaueriBker con-

promised. . ductances of the ideal system:
We can now make use of this result to calculate cbe
rectionto the ideal conductances obtained in Sec. lll. Let us u 2 _ )
(0) . . v v uv [
denote byGj;”’ the conductance obtained in the absence of - 5 5
; ] - My(w) u uv —u —Uuv
tunneling and by 3Gy e~ 20 jim T , ,
) wo0 @ —uv —v uv v
0Gij =Gi; = Gjj”, (79 —u? —uv u®  uwp
(80)

the correction due to the tunneling. After some straightfor-

ward manipulations one arrives at .
In Appendix D we show that

i
8G;=——Ilim > £,[D©@](x,;,0,;0) M) |T|%e*2 (=
Vwo—0Y gr=ilim =4 f

- 5, dmG. (v, (8D
w—0

0

N (0)7* I .
x[‘”MT(“’)];ﬁj (D705 X100 8510 (T8) ke (1) =G (01:0,0) and

where the indicegy and 6 run over the two edges that are
coupled by tunneling ak=0, and the Green’s function of
the noninteracting displacement fie[d (], z(x,x"; ), is =W ) WR(X ) WX D W (x,1):).
given by Eq.(398). 82

As a concrete example, consider a four-terminal geom- (82
etry,_as may be obtained fr_om _F_|g. 1 by con_S|_der|ng OnlyThus, the complete set of conductances has been expressed
terminals 1-4. Assume for simplicity that the mixing angle

g . . in terms of equilibrium averages of quasiparticle operators.
is independent ok. Then from Eq.(41) we immediately get Notice that the presence of a bias voltageon the edge

a modifies the time evolution of the corresponding quasipar-
> [D@](x,,0,; ) ticle operator from¥(x,,t) to ¥i(x, t)e ¢ Vel" The
Y underlying physical assumption is, of course, that each edge
is in equilibrium with a reservoir at potentigl, . Under this
=> [DO(0,,~X,; ) assumption, the bias voltage dependence of the conductances
7 can be calculated with no additional effort.

G_(x,t;x",t")

iv u -0 To conclude this section we consider a specific experi-
=—e ! ®(x)( B +®(—x)( ) , (777 mental setup of Fig. I The resistanc®,, of the quantum
@ v u point contact is measured between terminals 3 and 4 in
where the uppetlower) component refers to the leftight) Fig. 1
edge andu=coshé, v=sinhé.
Substituting this into Eq(76) we find V4=V
ubstituting this i gc76) we fi R, = 4I 3’ 83)
5Gi1:6§_ 5Gaiﬂj(xi Xi)€ai€p (78) where| is the source-to-drain current. By considering that
: the constriction does not affect the source and drain probes,
where the full conductance matrix reads
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1 0 0 0 0 -1
0 1 0 -1 0 0
e’ -1 0 1+ 6911 6912 0913 0914
Gij=%v : (84)
h 0 0 —1+609y 14059 0923 6924
0 -1 6931 693> 1+ 6933 6934
0 0 691 6day  —14+5Qs3 1+694s

where the indices, j run over{S,D,1,2,3,4 and the right We start by considering the zero temperature limit, where we
bottom submatrix is given byg;; =haoG;; /ve?. Asitis cus-  obtain
tomary in the experimental setup we fix,=0, Ig=—1p

=—| and l,=1,=13=1,=0. With these constraints, the

. : 2me*?
equation(29) can be easily solved, and to the lowest nonva- G_(x,t;x’,t’)zex;{ 7

k2>0 [:P)k\R(X) + TP}IEL(X)]

nishing order ingt we get ve?
h? _ h? B TNK (1 L N (1) ] @l o(t—t)
Ry=—5€ /(u+v)ugr=——e" “coshigr. (85) X[ekr(X") + @i (X")]e . (87)
vee vee

Notice that this perturbative result is valid only so long as
R is much smaller thah/e?: the tunneling amplitudd’
must be sufficiently small for this to happen.

When we substitute the functiorﬁ(d)(x) with those deter-
mined in Eqs(45) and(47) we obtain(we usex=x" with x
inside the region of the constrictipn

VII. TUNNELING IN THE PRESENCE OF A

CONSTRICTION G_(x,t;x,t")
Let us apply the formalism developed in the previous sec- _ 2me*? 20, 1 UikX_ Ui ikpx|2
tion to evaluate the resistance of a constriction of the type ex L oe? e sz>0 —2(|A e'“>X—B'e "

shown in Fig. 1. The mixing angleg, and 45 in the two
external regions are assumed to be equal, wie(6, . _ ,
>¢,;) measures the strength of the interaction within the +|Adekox— gdgikax|2) glkacalt =11 | (88)
constriction.

The calculation of the correlation functioB.. can be

performed by using definitiot67) for W and the Haussdorf Where the coefficienta, BY, A%, andB are given by Egs.
lemma (48)—(50). By assuming that the tunneling is localized only

at the pointx=x"=0 and substituting expressida8) into
e"eB=eBefelA Bl (86)  this equation we obtain the key result

* 2 _af ikocot
G_(t)=ex;{4we c:osf(zez)e_zg2 cosh26,,) smr’(zalz)cos{kzd))e 1 89

Lye? cosh26;) K=o 1+ 2 sinkf( 61,)sir(K,d) ky

where we have define@,,= 6, — 8,. For the functionG, (t) Notice that the presence of the inter-edge interaction leads to
the calculation is similar and we can obtdin, (t) from the  a renormalization of the power-law behavior of the current-
above expression with the substitutibr —t. voltage characteristics via the fac®r??:. The explicit form

Before going into the detailed analysis of the above exof the functionGY(t) can be obtained by using the well
pression, it is useful to recall that in the limiting ca8g,  known analytical results
=0 we recover the result of W&ffor the case of interacting
edges:

2 oyt - cogna)
e k E:

e 20 (90 & n
k>0

== EIn[2—2 cogq)],
5 2

G‘f’(t)zex;{ dme

Lve
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. sin(n 1 2 e*2
s, S92 . (91) Ssen
n=1 N 2 v e?

If gis a small quantity we have the approximate results
Notice that if we assume* = ve we get for this exponent
i cognq) | i sin(nq) = 2ve~2%1=27. In this case the tunneling differential conduc-
“ n n(a), “ n 2 (92 tance at zero temperature is predicted to have a power law
behavior with exponent given by 81/e)?/v—2. Let us go
In the case of expressiof®0) we can evaluate the series, pack to Eq. (89). First we notice that the additional

after defining the integgrasj=k;L/27, obtaining k-dependent factor in the sum of E®9) does not alter the
logarithmic behavior at long times. To see this we define the
2e*? , X
G\_A,_I(t)zexr{ — 5 e_291|n(1_ei(ZmClt/L)—ﬁ) quantlty
B ve
(93 2 cosh{(26 glkacat
S (t.d)= H26,)

and in the limit of large system sizet/L <1 we have L cosh26y) o ks

cosh26,,) —sinh(26,,)cogk,d)
1+ 2 sinlf( 6y,)sir(k,d)

2’7TiCt) —(2Iv)(e* 2e?) e 201

W)= ( 5+ , (94) . (95

where § assures the convergence of the series even when
—0. This function is the propagator for the Luttinger Liquid and evaluate it numerically. To do this we calculate sepa-

model, with the anomalous exponent rately its real and imaginary part,
|
" cosh26,,) —sinh(26;,)cog 2wdn/L,) cog2mnc,t/L
ReS,(t,d)=z i 12). r(.12) 92 2) cog2mNnc, ),
n=1 1+ 2 sintf6y,sirf(2rdn/L,) n
“ cosh{26;,) —sinh(26;,)cog 2wdn/L,) sin(2mc tn/L
ms_(tay= S, SOSH261)—sinh20s5 o 2) sin(2meatn/L) -
n=1 1+ 2 sinlf@,sir(2mdn/L,) n
|
Notice that in these sums we have substitutee 27n/L, 27riC,t —(2/v)(e* 21e?)e™ 2%
wheren is an integer and G,dﬂo(t):(ﬁ— 3 ) (99
2
cosh(26,) ) i
L,= Lm (97) Remembering that the velocity, and the length., are re-
h26, lated by Eq.(97) we recover exactly the result one has when
takes into account the different speed of propagation of théhe constriction is not present.
waves in regions 1 and [3ee Eq.46)]. In the other limitd—< we have substituted in these two
It is now useful to observe that the length of the constric-functions the averaged valuegcosf,d))=0, (sir’(k.d))
tion introduces a characteristic time scalg=d/c,, the =1/2, obtaining
travel time of an edge wave across the constriction. This
clearly identifies a shorttKty) and long (>ty) time re- ReS_(t,d—x)=[1+tantf(6;,)]

gime. In these two regimes, the Eq96) may be approxi-

mated by taking the small and large-limit in the y —Eln 29— co 2mC,t
k-dependent factor. First we get fdr—0 the expressions 2 L,
> 1 2me,t =—[1+tankf( 6y ]In(2mc,t/L,),
ReS_(t,d—0)=e 2%2 —Eln 2—2005< 1 )] (100

=—e 2%n(2mc,t/L,), (99 _
Im S_(t,d—o)=(1+ tank( 012))(5(1—202t/L2))

T o™
ImS_(t,d—0)= e”lz( 5 (1=4ct/Ly) |=e 20z,

a
In this limit the functionG _(t) will then read =[1+tanf( 012)]5'
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FIG. 4. (a) Plot of ReS_(t,d) vs In(c,t/L,) for various values of
d. Observe the two different regimes fogt>d andc,t<d. The
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with the approximate result®8) and (100) is very good.
Hence from now on we will use the simple expressi®@%
and (100 to carry out the calculation of the tunneling con-
ductance.

We then approximate the whole sui@®6) with a combi-
nation of two functions in the form

S_(t,d)=0(t—to)S_(t,d—0)
+O(to—t)(S_(t,d—o)—A_), (102

where the two function$_(t,d—0) andS_(t,d—x) are
determined by the corresponding limits for the functions
ReS_ andImS_. The factorA _ assures tha®_(t,d) is a
continuous function otf. With this approximation we have
separated the long time and short time behaviors of the re-
sponse function. We then expect that the low energy behavior
(which corresponds to the low bias voltage regiafh the
conductance will be dominated by the long time part of
S_(t,d). Conversely, the response to a high bias voltage will
be dominated by the short time behavior®f(t,d). Within

two slopes agree very well with the approximated result of Eq.pig approximation the functio®_ reads

(102. We have chosen exg@f,) = 1.5275 in this calculatior(b) Plot

of Im S(t,d) vs In(c,t/L,) for various values ofl. We used the same

parameters a&). The values for small and largst/L, agree well
with the expected resulfsee Eqs(98) and(100)]. The downward

curvature at large times arises from the finite size of the system
used in the numerical calculation and disappears in the limit of large

system size.

Again when we consider the functidd_(t) we get a power
law of t

27TiC2t
Lo

—(2Iv)(e* 2e?)e™ 2021 +tant?(6;)]
G,dﬂoc(t):<6_ )

(101

In this case the presence of the constriction affects the expo-
nent of this correlation function and can change the behavior

of the tunneling amplitude.

The two limiting regimes of short and long times of
S_(t,d) are clearly visible in the full numerical evaluation as
shown in Fig. 4. In the calculation of the real and imaginary

parts ofS_(t,d), we have fixed a value af and then varied

the value ofc,t. As it is seen in the figures the two limits we

have discussed are reached whesic,t or d>c,t. In Fig. 4

we plot the numerical result for these functions as a function

of c,t/L for some value ofd and fixed 6,,. We have re-

G_()=0(t—19)G_ 4o(1) +O(to—1)G_ ¢_.=(1)

2e~k2
Xexp — — e 2027
e“v

. (103

Having obtained the expression for the functiGn it is
now possible to calculate the response function. We take into
account the finite potential difference across the Hall bar via
the replacement

G_(1)—G_(t)ele Vvia, (104

where
_V1+V2 V3+V4_
2 2

is the potential difference across the quantum point contact,
and coincides with the Hall voltage. With this transforma-
tion, as is shown in Appendix D, we get

Vi (105

|1“|2e~k2
gr(op=4———

d o
| ot
pE —dlemfO dte“Tim G_(t).

(100
A lengthy but straightforward calculation gives the expres-

stricted the calculation only to the limit of large system sizesion for the tunneling conductance at zero temperafsee
ct/L,d/L<1. The agreement of the calculated expression®\ppendix E for details

4|T'|%e* %,
ﬁ3

a
27TCtO

« d
gr(wr)= ( sin( %) dor

T

+sinl —
2

)Im f(l—a,—into)

—ReF(l—ﬁ,—into))—sin(%ﬁ

Im F(l—ﬁ,—into)”,

T
|th0| al( CO{ 7) Sgl’( tho) Rer( 1- a,— i tho)

+|tho|Bl<COS( %ﬁ) sgr wto) (I'(1-B)

(107
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1 L L L L L LB BB LI NLELEL BLRLRLELLE BLBLRLRL

where we have defined 1F 0,20 ]
e* .

wT ?VT, _ b

‘é 4

* 2 3 J

a=2% g2 (109  § :

14 ez ’ = - 7

5 ]

e*2 ;ﬁ ]

B=——-e 2%[1+tanif(6,,)], .

14 ez ]

ais a short-distance cutoff, ald z, ,z,) is the incompletd’ C ! ]
functiorf”. 3k 2 S T TN PR TR 7

In Fig. 5 we plotR,,(w7) in the case that the interedge oot g2 oLt °
interaction is confined to the region of the constrictiae.,
we setd;=60;=0 and letd, assume several different val- FIG. 5. Plot of the resistand®,,/|T'|? given by Eq.(85) with
ues. Experimentally,f, can be increased by narrowing the the gy calculated in Eq(107) for various values ob, at fixed 6,
constriction by the application of a gate potential. Whien  =0. The oscillations at large bias voltage becomes more and more

=0 there is no interaction arid,, diverges a3/ 2 at low  Pronounced with increasing,.

bias. This low-bias behavior does not change upon increas- The finite temperature behavior of the tunneling resis-
ing 0, because the long time behavior is dominated by th@ance can be derived from the zero-temperature behavior of
exponenta which does not depend o#,. At larger bias the same quantity by means of the conformal
voltage on the other handR,, behaves a&# 2. Further-  transformatiof’

more, the plot oR,, shows oscillations, which become more

pronounced with increasing,. We can express the period of (5=it)— siwT(5*it)] (110
these oscillations in terms of the physical parameters of the B 7T '
theory

Notice that we are using units in whigh=kg=1, wherekg

is the Boltzmann constant. The correct physical dimensions
are restored via the substitutidn—kgT/A and this is under-
stood in the Eqs(111) and(112) below. Making transforma-
tion (110 in Egs.(99) and (101, and substituting in Egs.
The frequency of the oscillations increases with increasing102) and (103) we obtain, after lengthy calculatior(see

h hc,; cosh 29,
AVT:_ =

ety e*d coshZ, 109

0, as it is apparent in Fig. 5. Appendix E for more detai)s

|
L Ta

e e*2r2( a \[(aT\*t SN2 I gl etlo g @ et 1

gr(ewr. T)= 73 \2mc/|2c sinkf’(tho)&_me Cor |\ T2 20T ez
@ I77'T
. B . w7 ) elotlo B . o 1
49281 LA T - TS N i —
2 sth(tho)B(2 is—1-8 r Fl 811+ 3 '27TT'1_eszto , (111
PraT

whereF is the hypergeometric function of four argumetasso indicated asF;) andB the Euler beta functiof? In the case
0,= 60, we havea =, the first and third term cancel against each other and we recover Wen'’s result

a
27C

e*2|r|2
gT(wT):4T

aT
c

a_l'm)d||3a'wT1 112
SIHT d—me E—Im, —a. ( )

In Figs. 6a)—6(d) we plot the differential resistand®,,  (solid line-6,=0, #,=1) for different values ofrdT/c,
vs. bias voltage for a systemithout inter-edge interaction =0.1,0.5,1, and 1.5. The non vanishing valuefgfwithin
(dashed line4,=0,=0) and with inter-edge interaction the constriction induces oscillations in tRe, vs wy relation
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6 ;rl TTT I TTTT I TTTT TTTT I TTTT I TTTT TE _LI TTT I TTTT I TTT IAI TTT I TTTT TTTT L 8
E E i 7
‘E E 6
2F = 5
E 3 4
—_ 0 E 3 3 =
2 LE 3 2 2
g 4§_ 3 (1) 5 FIG. 6. Plot of the differential resistance
£ F E 1 8 Ry /|T'|? vs w7 for a system with inter-edge in-
E. '2:[ = 2 .E, teraction within the constrictiofcontinuous line,
NE F e 2 NE 0,=0, 6,=1) and without interedge interaction
<. 3F + L5 (dashed lineg,= 6,=0). The four curves corre-
o N = e spond to different temperaturestTd/c;=0.1
E ¥ ! (@, 0.5(b), 1 (c), and 1.5(d).
43 ES 05
°F ; SRS N — 0
B b b b b b B e b e b T b |
3 2 -1 o0 1 2 33 =2 -1 0 1 2 3
W to (O to

with the same period as in the zero temperature case. HoviR,, [cf. Figs. &c) and &d)]. As a consequence the minima at
ever, we now have a maximum at zero bias voltage and twéinite bias are generally deeper and shift to lower voltages.
minima at finite bias voltage. This behavior is due to the fact The effect of the constriction depends quantitatively on
that the temperature introduces a new energy scale. When tlheth the inter-edge interaction paramefigrand the tempera-
e*V>kgT we are essentially in the zero temperature caseure. To appreciate this, in Fig. 7 we plot the differential
and the resistande,, decreases with decreasing bias voltageresistanceRr,, for different values of the inter-edge interac-
(see Fig. % But, when thee*V<kgT the resistance turns tion and the temperature. More specifically we have plotted
around and begins to increase, reaching a maximum at zeiR,, without interactions ¢,= 6,=0) and with interactions
bias. This behavior implies the presence of two minima lo-within the constriction §,=0, 6,=0.2) for =dT/c,
cated at bias voltages of the order of magnituddgf/e*: =0.5,1,5, and 10. We notice that the effect of the inter-edge
these are clearly seen in Fig. 6. The finite valu®gfat zero interaction disappears at sufficiently low temperature, since
bias(independent o¥/+ to first ordey indicates that the con- it is always the long times exponent that matters in that
striction is behaving like an ohmic resistor in this regime,regime. The effect of the interaction shows up upon increas-
even though the resistance is strongly temperatureing the temperature above the crossover endifly: the
dependent. latter decreases with increasiry. Such a trend is clearly
The presence of a constriction adds another energy scaé&en by comparing Figs. 6 and 7. We note that similar cross-
in the problem, associated with the inverse of the charactewver effects in the temperature and voltage behavior have
istic timety. For temperatures smaller thét, the low bias  been discussed also in the context of transport in quantum
behavior is dominated by the same exponeftf. Figs. @a)  wires?~2
and 8b)] irrespective of whether the inter-edge interaction is  Finally we would like to comment about recent measure-
present or not. When the temperature, instead, is greater thaments of tunneling characteristics through a constricfiam
hlty the exponen, which depends on the strength of the the weak interedge tunneling regime at high magnetic field.
interaction within the constriction, controls the behavior of At relatively high temperaturesT¢>400mK) the experiment

LR RL AN LA LLR | LLRRIRALENLRLN LELRY LER

H

LR Ry B R Ll AL LLLRN LA RN LR

FIG. 7. Plot of the differential resistance
Ry /|T'|? vs frequency with and without inter-
0.15 edge interaction within the constriction. Solid
line—6,=0, #,=0.2; Dashed line¢,=0,=0.
Temperatures arerdT/c;=0.5 (a), 1 (b), 5 (c),
and 10(d).
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clearly shows the emergence of a zero bias peak in the difpartially supported by INFM through the PRA 2001-

ferential longitudinal resistance which is qualitatively consis-MESODYF project. G.V. acknowledges partial support from

tent with the results presented above. The experiment alsdSF Grant No. DMR-0074959.

shows well defined minima at finite bias voltage, which, ac-

cording to_th_e previous discussions may re\_/eal the eff_ect of APPENDIX A: COMMUTATION RELATIONS

the constriction. In fact, the system without inter-edge inter-

actions never shows deep minima in this temperature range. To derive the commutation rule of E(L1), one integrates
At lower temperatures, on the other hand, the experimenkd. (8) with respect toy andy’ according to the prescrip-

shows a completely different behavior which is not qualita-tions given in Eq.(10). The delta function makes the com-

tively consistent with the present theory irrespective of themutator non vanishing only for points belonging to the same

presence of inter-edge interactions. Strong tunnelinggdge and the final result will have a fact®y;. We get

effects® which can be treated by the thermodynamic Bethe

ansatz, are not likely to explain the unexpectitreasan [5/3(Xa),5/3(x;)]

Ry that is seen at these temperatures. This clearly suggests

that a different physical mechanism comes into play at these

temperatures and some additional physical input is needed.

One could, for instance, speculate that, within the constric-

=162 [ ayety T, ol 911,80, X0) Sy-Y )

tion, the hydrodynamic approximation may be too crude and _ing dvav'T depn(X 90 80X —x")S(v—v").
better treatment of the edge structure may be required. This YAy Loypo(Xa ¥)]dx 00%a = %) 0y =Y')
is, however, outside the scope of the present work. (A1)

One observes that the first term on the right-hand side van-

ishes, while the second term gives, after making the integra-
In this paper we have extended the derivation of ghe  tion overy’ andy, for a=L:

model to arbitrary values of the filling factar. We have

VIll. CONCLUSION

developed a theory to calculate the Landauéttier con- [5ﬁ(x,_),5ﬁ(x,’_)]
ductances for various experimental setups, taking into ac- s ,
count both interedge tunneling and interedge interactions. In =~ po(xL vd)_Po(XL’O)]ﬂxﬁ(XL_XL)
the absence of tunneling, our model recovers the usual frac- . 2 ,
tional Hall conductance, even when an interedge interaction =-it Po(X)axL‘S(XL_XL)' (A2)
is present. The breaking of translational invariance, due to
the constriction, does not change the low-frequency behavidi"d: fore=R,
of the conductance as long as tunneling can be neglected. . .

We have then discussed the effect of interedge tunneling. [3p(Xr), Sp(XR)]
Tunneling destroys the exact quantization of the Hall con- . ,
ductance. We have calculated the tunneling conductéeee =~ po(Xr,0) ~ po(Xr, —d) 1d H(Xr—XR)
lated to the resistance of the constricliom the second order —102p0(X)dy S(Xg—X0) (A3)
in the tunneling amplitude. A problem with the present form Po XRUVIR - ARD

of our thepry IS a fumiamental uncertainty about the value; 0{c/vhered indicates the distance from the edge at which the
the effective charge™ of the quasiparticles at a generic

filling factor v. This remains a major open theoretical ues-denSity has reached its bulk valyg(x). The different order
tiong v ! P q of the limits of integration for the two edges gives the rela-

The presence of the constriction introduces a finite time—tlve minus sign between the edges.

scale (the time it takes an edge wave to travel along-the
constriction and gives rise to different short-and long-time ~ APPENDIX B: PROPERTIES OF THE EIGENVALUE
behaviors of the tunneling propagator. The long-tiffev PROBLEM

frequency behavior is dominated by an exponent that coin-
cides with the one well known in the literature. The short-
time behavior is dominated by a different exponent, smalle
than the long-time exponent. The interplay between the two

In this appendix we want to study some analytical prop-
rerties of Eq.(18). First of all let us define the operators

exponents introduces small oscillations in the tunneling con- M“:'S“axa’ (B1)
ductance which can possibly be used to measure the ampli-

tude of the interedge interaction and the velocity of the L R ,

modes in the constriction. Havﬁ_ﬁf_wdxﬁ‘?xav(xa1X/3)f9x;;- (B2)

With this definition we rewrite the equation of moti¢h8) in
the compact form

The authors would like to acknowledge discussions with
S. Roddaro and V. Pellegrini on the subject. This work was oMe=He. (B3)
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It is easy to see thai andM are Hermitian operators and we
request thaH is positive definitgthis will assure the stabil-
ity of the physical system

Let us define the auxiliary function

V=HY2p, (B4)
which is a solution of the equation
1 ~
—W=(H VMHT T =M, (B5)

if ¢ is a solution of Eq.(18). BecauseM is a Hermitian
operator we have the resultd) the set{W¥} of solutions
forms a complete base of the Hilbert spa@,the orthonor-
mality condition is

> J dX, W (X)W n(Xe) = 8 (B6)
and(3) the completeness relation is
2 V(X Wi(Xp) = 0 0(Xe— X)) (B7)

Because there is a one-to-one relation betweemd ¥ we

PHYSICAL REVIEW B 68, 035314 (2003

The proof of the existence of this conserved quantity rests on
the basis of the existence of the inverse of the matyjx(x)

for every value of. Consider the equation of motion and its
complex conjugate for the displacement field wave function

@ (x):

lw@,(X)= aﬁ(x)&xcpg(x) (C3)

. VSQ/

—i0e (0= 5 0x@p(X)Vga(X). (CH
The conservation law follows by first taking, s on the left-
hand side of both equations and then multiplying the first
(secondl equation on the leftright) by ¢ 0%, (0%5¢5), and
finally summing the two equations.

APPENDIX D: CALCULATION OF THE TUNNELING
PROPAGATOR

In this Appendix we derive Eq81). The first task is to
computeM(t). We do this to second order in perturbation

have the following properties of the solutions of equationtheory inT. The first term in the definition of(t) propa-

(18): (1) the solutionsp form a complete base of the Hilbert

gator. Since it is already second ordefdinwe only need to

space,(2) they are orthogonal with respect to the scalarevaluate its average in the unperturbed ground state. This can

product

(son,qom>=§ f dX, 000 (XM 4@m(X,),  (B8)

and (3) they satisfy the completeness relation

—i 2 0nn(Xa) €7 (Xp)Spox; = p0Xa = Xp)- (BY)

be expressed in terms of the correlation functi@s(t’;t)
defined in Eq.(82), obtaining

([A(t) HrOD=4TPImG_(t';t). (DY)
Notice that in this expression we have dropped the anoma-
lous averages that appear when one considers the average
value of several field operatot®. This is justified by the
presence of the fermion operatdrin the definition of the

We obtain the relations reported in the text if we normalizequasi-particle operator&7). Hence the contribution of tun-

the functionse,, as ¢, /V|w,|.

neling current propagator til(t) reads

Now we want discuss the degeneracy of the eigenvalues

of Eq. (19).

(i) If n(x,) is a solution with given eigenvalue,, then
the functione} (x,) is also a solution with eigenvalue_,,
=—wy.

(i) If om(x,) is a solution with given eigenvalue,, then
the functiono’;yﬁgom(xﬁ) is also a solution with eigenvalue
— Wy

Then we have that ifen(X,) is a solution then
U);Vﬁcp* (Xp) is still a solution with the same eigenvalue: that
is the solutions of problenil8) are doubly degenerate.

APPENDIX C: CONSERVATION LAWS
In the caseV, g(x—x") =V, g(X) 5(x—x") the quantity
eh(0)0% s0p(X)= @l (X) e (Y) — ek(X)er(X) (CD)
is conserved:

I @l(X)0% 50(Xx)]=0. (o%)

* 2

([i+(0.1+(0)]) = ~4i= [T AmG_(t,0).  (©2)

We now consider the other term M+(t). This is the aver-
age of the tunneling Hamiltonian and is only first ordefl’in

so that we need to compute the first order correction to the
ground state as well. We get

~ i t ~ ~
(Fr)=7 | dv(TAde) Frol) 03

t
— | dt’4i|T]2imG_(t";t).

7] (D4)

We are now ready to compute the Fourier transform of
M+(t). We get
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M 4e*21“2
fim (@) _ l | ||mf a2 6 ()
ws0 @ 0—0
* cojJwt)—1
+ |imJ’ dtleG(t)}
w—0Y0 w
4e~k2| |2
=— f dttiImG_(t). (D5)

The presence of a voltage difference between the edges

PHYSICAL REVIEW B 68, 035314 (2003

t() X

can be taken in to account by means of the transformations

G_(t)—€e“T'G_(1),

FIG. 8. The integration path used to evaluate intefd) when
the frequency is positive. A similar path, closed in the lower plane,
is used in the case<O0.

ioTt
G ()—eTG (1), (D8) real part. Hence the integral on the whole path is zero. The
from which we get integral on the arc vanishes by letting the radius go to infin-
ity.
([A+(t"),A(t)])=4i|T|?cog wrt)IMG_(t';1), As a result we get
~ ~ e*2|F2 - it @ iwtﬁjo' -1\, a1 ;
([T+(0),1+(0)]) =~ 4i —cog wr) MG _(1), , Uo7 = 1(F1) ™ T (1~ e, mloto).
(D7) (E2)

The casdé,=0 can be carried out by calculating the convo-
lution product between the Fourier transform of tGgt)
function and the integral

and we finally arrive at the expression fof

M () 4e*2|F|2

w %3

i lim

w—0

ImJ dté“tim G_(t). - _
f dt(s=it) «e't
(D8) -
=2 Sir(ﬂ_a)ei(ﬂ'/Z)alw|—l—al'*(1+a)(Il)—l—a,

(E3
obtained by cutting the complex plane along the imaginary

APPENDIX E: EVALUATION OF INTEGRALS

In this appendix we provide a few details concerning the
evalgaﬂon of the integral occurring in the' calculation of theaXIS starting fromt=+i5.
Fourier transform of the response functi@ (t). In the In the finite temperature case, we need to calculate the

zero temperature case, we must evaluate an integral of thgiegral
form

® o (7wT)“
dte"”‘_—.
(ED to sinh(7Tt)*
One can easily obtain the result reported in the text by means
wherea is a positive real number. To do this we go in the of the substitutiors=e~2"'* which reduces the above inte-
complex plane of the variable and consider, for positive gral to the definition of the hypergeometrie function of
frequencyw, an integration path like the one shown in Fig. four argumenté®°2 The integral witht;=0 can be easily
8. A specular path in the lower half-plane must be used foobtained in the limit,— 0 by using the corresponding lim-

negative frequency. We observe that the integrand functioiting expression of the hypergeometric functiémn terms of
has no poles in the complex half-planetofvith a positive  the Euler beta function.

o . (E4)
f dt(s=it) ~“e't,
to
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