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An investigation is made of the structure of the electromagnetic field near the focus of an 
aplanatic system which images a point source. First the case of a linearly polarized incident 
field is examined and expressions are derived for the electric and magnetic vectors in the 
image space. Some general consequences of the formulae are then discussed. In particular 
the symmetry properties of the field with respect to the focal plane are noted and the state 
of polarization of the image region is investigated. The distribution of the time-averaged 
electric and magnetic energy densities and of the energy flow (Poynting vector) in the focal 
plane is studied in detail, and the results are illustrated by diagrams and in 4 tabulated 
form based on data obtained by extensive calculations on an electronic computor. The case 
of an unpolarized field is also investigated. 

The solution is not restricted to systems of low aperture, and the computational results 
cover, in fact, selected values of the angular semi-aperture c/ on the image side, in the whole 
range 0 < oa < 900. The limiting case o -* 0 is examined in detail and it is shown that the 
field is then completely characterized by a single, generally complex, scalar function, 
which turns out to be identical with that of the classical scalar theory of Airy, Lommel 
and Struve. 

The results have an immediate bearing on the resolving power of image forming systems; 
they also help our understanding of the significance of the scalar dif-fraction theory, which 
is customarily employed, without a proper justification, in the anialysis of images in low- 
aperture systems. 

1. INTRODUCTION 

A knowledge of the structure of an electromagnetic field in the region of focus is of 
considerable theoretical as well as practical interest. As already indicated in part I 
of this investigation (Wolf 1959), information about the structure of this complex 
region is particularly desirable in connexion with the design and the analysis of 
performance of optical systems of wide angular aperture, both in the field of visible 
and microwave optics. The construction of large paraboloids for use in radio 
astronomy has made this problem also of topical interest. 

Apart from the usual scalar treatments, the limitations of which were mentioned 
in part J, the only earlier treatments of this problem appear to be those of Igna- 
towsky (I 9 I 9, 1920) and Hopkins (I 943, 1945 ).? The investigations of Ignatowsky 
have gone a considerable way towards the solution of the problem. He obtained 

t Now at the Computer Section, I.C.I., Ltd, Wilton Works, Middlesbrough, Yorkshire. 

I Now at the Institute of Optics, University of Rochester, Rochester, N.Y., U.S.A. 
? Since the present investigation was carried out, two related papers have appeared. Burtin 

(I956) determined the distribution of the electric energy density in the focal plane of a system 
with angular semi-aperture a = 450 on the image side, when the wave entering the system is 
linearly polarized. Focke (I957) considered an unpolarized wave and studied the energy den- 
sitv and the energy flow at points in the focal plane in systems of selected angular apertures. 

[ 358 l 



Electromagnetic diffraction in optical systems. II 359 

formulae for the electric and magnetic field vectors in the image region of an 
aplanatic systemt and also of a paraboloid of any angular aperture. Unfortunately 
his deductions from these formulae were chiefly confined to the study of the energy 
flow across the central bright nucleus of the image; the electric energy density 
(which is presumably what many detectors, e.g. a photographic plate, record) is not 
discussed. The researches of Hopkins were mainly concerned with the modification 
which the Airy pattern undergoes as the angular aperture of the system is increased. 
While his analysis is not based on the full Maxwell's equations, it does take into 
account the vectorial nature of the problem and his results are of practical interest 
in connexion with optical systems the angular semi-apertures of which do not 
exceed about 400. 

In the present paper a thorough investigation is made of the structure of the 
electromagnetic field near the focus of an aplanatic system which images a point 
source at infinity. Formulae are derived for the electric and magnetic vectors in 
the image space and a number of general properties of the electromagnetic field are 
deduced, both for polarized and unpolarized incident waves. The formulae are 
evaluated for a large number of the basic parameters of the problem and the results 
are presented in the form of diagrams and in tabulated form. Systems of selected 
angular semi-aperture a on the image side are considered, up to the limiting case 
a> 90?. The other limiting case, a -O 0, is examined in detail and it is found that, 
in this case, the vector solution is completely characterized by one (generally 
complex) scalar function, which is found to be identical with that of the classical 
analyses of Airy (i835), Lommel (i885) and Struve (i886). 

The results have an immediate bearing on the resolving power of systems with 
high angular aperture; they also help our understanding of the significance of the 
usual scalar methods of optical diffraction theory. 

Finally, it may be mentioned that our basic formulae (equations (2.30) and (2.31)) 
are in agreement with those of Ignatowsky (I919); our deductions, however, go 
considerably further. 

Some preliminary results of this investigation were reported in two previous 
notes (Richards I956a; Richards & Wolf I956). 

2. EXPRESSIONS FOR THE FIELD VECTORS IN THE IMAGE 

SPACE OF AN APLANATIC SYSTEM 

Consider an optical system of revolution, which images a point source. The 
imaging will be assumed to be aplanatic, i.e. axially stigmatic and obeying the 
sine condition. The source will be assumed to be at infinity in the direction of the 
axis, and to begin with it will be assumed that it gives rise to a linearly polarized 
monochromatic wave in the entrance pupil of the system. The case of an unpolar- 
ized wave will be considered later (? 5) by averaging over all possible states of 
polarization. It is assumed that the linear dimensions of the exit pupil are large 
compared with the wavelength.. 

t By aplanatic system we mean one which, for a specified axial position of the object point 
is stigmatic anid obeys the Abbe sine condition. 
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Expressions for the field in the image region of the system may be derived by an 
application of formulae (2.18) and (2-19) of part I. These formulae express the time- 
independent parts, e and h of the electric and magnetic vectors. 

E(x, y, z, t) = {e(x, y, z) e-iot}, H(x, y, z, t) = M{h(x, y, z) e-i(t}, (2.1) 

at any point P(x, y, z) in the image space, which is not too close to the exit pupil, 
in the form 

ik ja(8x s8s) eik[D(sx,sy)+s x+SYy+szz] d 8 d8, (22) 

h(x,y,z) ikJ b(8x, 8v) e1k[a(sx,sy)+s. x+sy Y+s-z] ds8 d8, (2.3) 

where M denotes the real part. Here a and b are the 'strength factors' of the un- 
perturbed electromagnetic field E( = J{eie-iNt}, H(iM = M{h(i)e-il} which is 
incident on the exit pupil, i.e. a and b are defined by the relations 

( a ek ()--_b 
e(i V(R, R2 elk, h(i) =>b elky (2e4) 

1(12) '" V(R1R2)(24 

where R1 and R2 are the principal radii of curvature of the associated wave-front 
and Y is the eikonal function. Further 

6) 27r 
k--= A (2.5) 

is the vacuum wave number, and A the vacuum wavelength (denoted in part I by 
ko and AO respectively), it being assumed here that the refractive index of the image 
space is unity. Further, D is the aberration function of the system, 8x, s, s,, are 
the components of the unit vector s (with its positive direction in the direction of 
propagation of the light) along a typical ray in the image space, and Q is the solid 
angle formed by all the geometrical rays which pass through the exit pupil of the 
system. According to (2.20) of part I, the strength factors are related by the formula 
(assuming that in the image space e ,u 1) 

b = sAa. (2.6) 

In the problem under consideration, the imaging is aplanatic so that the wave- 
fronts in the image space are spherical, with a common centre at the Gaussian 
image point. Hence, for all vectors s in the solid angle Q, 

tD(sx,sy) = 0. (2.7) 

The strength factors a and b may be determined, with an accuracy sufficient for 
our purposes, by tracing rays through the system up to the region of the exit pupil, 
and by making use of the laws relating to the variation of the field vectors along 
each ray. Let AQo be a typical ray entering the system at a height h from the axis 
and let 0 be the angle which the corresponding ray QO in the image space makes with 
the axis (figure 1). Since the field in the object space is linearly polarized, the field 
obtained on refraction at the first surface o1 is also linearly polarized (the direction 
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of polarization will, of course, be in general different for different rays); and if the 
angle of the incidence at o-, is small, the angle which the direction of vibrations of 
the electric (and also of the magnetic) vector makes with the meridional plane of 
the ray (the plane containing the ray and the axis of the system) will be effectively 
unchanged by refraction.t Moreover (see Born & Wolf 1959, ? 3-13), in a homo- 
geneous medium the direction of vibration remains unchanged along each ray. 
By successive repetition of these arguments from surface to surface it follows that 
the field in the region of the exit pupil is also linearly polarized and that, provided 
the angle of incidence at each surface of the system is small, the angles which the e 
and h vectors in the exit pupil make with the meridional plane of the ray are equal 
to the corresponding angle in the object space. Further, the magnitude of the field 
vectors in the region of the exit pupil may be determined from the geometrical law 
of conservation of energy, taking into account the fact that the system obeys the 
sine condition. 

g;;0 _ 

eo -r -1 * 
A\ / 

h X 
- - 

~~~~~yQ 

FIGURE 1. The meridional plane of a ray. The axis Ox is in the 
direction of the electric vector eo in the object space. 

Let J be the 'focal sphere', i.e. the sphere with centre at 0 and with radius f 
equal to the focal length of the system. Then, according to the sine condition 

h=fsin 0. (2.8) 

This relation implies that the emergent ray meets the focal sphere at the same height 
at which the corresponding ray in the object space entered the system (see figure 1). 

Consider now all the rays which enter the annulus bounded by circles of radius 
h and h + 6h. Let 8So be the area of the annulus and 8Si, the corresponding area of 
the focal sphere, and let eo and e1 be the electric amplitude vectors on 8S0 and 6S1 
respectively. Then we may write 

eo-080eik9o ee e11 1eIk-VI (2.9) 

where eo and 'e are unit vectors, in the direction of eo and e1 respectively, 10 and 11 
are amplitude factors and Y'? and eY1 are the corresponding values of the eikonal. 
Since the field is linearly polarized, lo, 1, eo and 'e may be taken to be real, provided 

t The truth of these statements follows from Fresnel formulae for refraction of a plane wave 
on a plane interface between two homogeneous media of different refractive indices. Within 
the accuracy of the present approximation (geometric optics limit, i.e. k -* so), these formulae 
also apply to the present case when neither the wave-fronts nor the refracting boundaries are 
necessarily plane. 
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that the origin of the phase is suitably chosen. According to the geometrical optics 
intensity law, 12 = 12(21) 

where we assumed that the refractive index of the object space, like that of the 
image space, is unity, and that the losses of energy due to reflexion and absorption 
within the system are negligible. Now from the figure, 

aso= aS1cos 0, (2.11) 

so that according to (24-0) 11 l0cos,O. (2.12) 

Now el may be identified with the vector e(i) of (2.4), with R112 f=I and Y9 =Y. 
Hence a = fl cosO e1. (2.13) 

To determine e] it is convenient to introduce two unit vectors go and g, in the 
meridional plane of the ray, such that go is perpendicular to the ray in the object 
space and g, is perpendicular to the ray in the image space, and both are directed 
away from the axis (see figure 1). Let Ox, Oy, Oz be Cartesian rectangular co- 
ordinate axes, with origin at the Gaussian focus, with Ox in the direction of eo and 
with Oz along the axis of the system, pointing away from the plane of the exit 
pupil into the image space. Finally, let i, j and k be unit vectors in the direction of 
the co-ordinate axes. 

The electric and the magnetic vectors are orthogonal to the ray (see Born & 
Wolf 1959, ? 3.1). Hence e1 lies in the plane of g1 and g1 A S, i.e. 

el = ag1+/3(g1As), (2.14) 

where ac and /3 are some constants. To determine a and , we make use of a result 
mentioned earlier, namely that as the light traverses the system, the angle between 
the electric (and also the magnetic) vector and the meridional plane of the ray 
remains constant. Moreover, each of these vectors remains on the same side of the 
meridional plane. These results imply that 

91.e1 = go i) (2.15) 
(g,As,),el= (goAk). i. 

On substituting from (2.14) into (2.15) we find that 

a = go0i, = (goAk).i = go.(kAi) = gO.j, (2.16) 

and from (2412), (2.13) and (2.15) it follows that 

a =fl1o COS 0[(go *i) g? + (go. j) (g1 A s)]. (2.17) 

It will now be convenient to introduce spherical polar co-ordinates r, 0, 0 
(r > 0, 0 < 0 < 7T, 0 < 0 < 27r), with the polar axis 0 = 0 in the z-direction, and with 
the azimuth 0 = 0 containing the electric vector in the object space. The components 
Sx s8, sz of the unit vector s along a ray in the image space and the co-ordinates 
(x, y, z) of a point P in the image region may be expressed in the form 

8x = sin 0 cos 0, sV = sin 0 sin 0, sz=cos 0, (2 18a) 

x = rpsin Op cos 5p, y = r sin Op sin p, z = rpcos O., (2 18b) 
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so that the term in the exponent of the integrals (2' 1) and (2 3) becomes 

szx+syy+szz = rPcose, (2-19) 

where cos c = cos 0 cos O. + sin 0 sin O. cos (v-P) (2.20) 

Let (00, Q0) and (01, 01) be the polar angles of go and g, respectively. Then 
evidently (see figure 1) 

'IT O 0 j-7 T0, 50o 01V --Th 0 2 1 = 12 , (2.21) 

so that go -cosbi-sin j, s (2j22) 

91 -cos 0 cos i-cos O sin j + sin OkJ 

It follows on substitution from (2.22) and (2*18a) into (2-17) and (2 6) that the 

Cartesian components of the strength vectors a and b are 

ax = flo cos 0[cos 0 + sin2 y(1 - cos 0)], 

y =Jflo cosl 0[(cos 0- 1) cos 0 sin 0]i, (2.23) 

-fl cosi 0 sin 0 cos , J 

xbZ f1 cos1O[(cosO -1) cos 5 sino], 

by f-lo cosl OF[1-sin (1cs)] (2 24) 

b, -flo cos 0 sin 0 sin. J 
Finally, we also need an expression, in terms of 0 and 0, for the quantity 

ds ds8ls:, which enters our basic diffraction integrals (2.2) and (2 3). This quantity 
represents the element dQ of the solid angle and is given by 

dsx dsyjsz- dQ -- sin 0 dO d0. (2.25) 

On substituting from (2.23), (2.24), (2.25), (2.11) and (2.7) into (2.2) arnd (2.3) 
we obtain the following expressions for the Cartesian components e and h: 

iA fa 2#r 
e- = 0 cosl Osin 0{cos 0 + (1- cos 0) sin2 0} eikrP cosed do4, 

iA tt2?r 

ey = 7r-- cos- 0 sin 0(1- cos 0) cos 5$ sin v elkrpos e dO do, (2-26) 

iA a'r27r 
e3= Jj Co05i05l20 cos 5eikrPcoSedOdqy; 

he= -4J cosl 0 sin2 0( C-cos 0) cos q sin d 4 eikrdo cos6d0dsi 
7T o 

iA a '~27 

h - J= J cosO 0sin {I -(1- cos 0)sin2 0} eikrPcosed0d (2d27) 

iA 
rm2ir JJ cos-0 sin2O sinoeikrPcos6d0dq. 

Here cose is given by (2.19), ac is the angular semi-aperture on the image side, i.e. 
2ca is the angle which the diameter of the exit pupil subtends at the geometrical 
focus and A is the constant 

A = 2fL = A f (2*28) 
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The integration with respect to q6 can immediately be carried out with the help 
of the following formulaet which are valid for any integral value of n: 

'2,rE 
J cos no5 eiPCoS(0-Y) do = 27TinJi J(p) cos nyl, 

0?r k (2.29) 
f sin no eiPcos(0-) dob = 2rinJn(p) sin ny. 

Here J (p) is the Bessel function of the first kind and order n. If in (2.26) and (2.27) 
we use the identities cos 5b sin 5 = 2 sin 2q, sin2 0 = 2(l - cos 20) and apply (2.29), 
we finally obtain the following expressions for the components of the field vectors 
at a point P in the image region: 

ex(p) = - iA (Io + I2 cos 20p) 

ey(P) = -iAI2sin 20p, (2.30) 

e:(P) = -2AI1 cos 5p, 

h (P) -iAI2 sin 20p 
hy(P) =-iA(Io-I2cos 2sp)} (2.31') 

hz(P) _-2Ah sin p, 
where 

Io 1(krp, OJp, ar) f cos10sin0(1 + cos 0) JO(krpsin0 sin0,) eikrPCOsOCOSOPd , } 

11 = h,(krp, O., a) = f cos1 0 sin2 0J1 (krp sin 0 sin Op) elkrp cos Ocos OP dO, (2.32) 

12 = 2(krp, Op, a) = cos1 0 sin 0( - cos 0) J2(krp sin 0 sin op) eikrp cos Ocos O dO. 

Formulae (2.30) and (2.31) represent the analytic solution of our problem. They 
express the field at any point P (spherical polar co-ordinates rp, O., vp) in terms of 
the three integrals Io, 11 and I2. We shall now study some consequences of these 
formulae. 

3. THE IMAGE FIELD 

It is convenient at this stage to introduce certain 'optical co-ordinates', which 
are a natural generalization of the co-ordinates (defined by (3-1 b) below) employed 

t These formulae may be derived as follows. We start from the integral representation of Jn: 
2r2x 

fe1(+np+Pco8)do = 27rinJn(p) 

(cf. Watson I952, p. 20, (5)). We change 0 into 0-y, multiply both sides of (2.30) by einY and 
express the resulting formula as follows: 

2?r 27r 
cos no eiP cos(7-/) do- + i sin nq etP coS(-')do = 27rinJ"(p) [cos ny + i sin ny,]. 

Each side consists of two terms, one of which is an even function of y and the other an odd 
function of y. This is only possible if the even terms are equal to each other and so are the odd 
terms, and this implies (2.29). 
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frequently in connexion with diffraction in systems with low angular aperture. We 
define these optical co-ordinates by the formulaet 

u krp cos Op sin2c = kzsin2 a, (3-1a) 
v kr= sin Op sin =-k 4V(x2+ y2)sina.J 

From now on we shall omit the subscript P in the symbol 04 for the azimuthal angle, 
and specify the point P of observation by the three parameters u, v and b (u 0, 
v > 0, O < 0 < 2ir). The geometrical focal plane is given by u = 0, the axis by v 0 
and the edge of the geometrical shadow (7(X2 + y2) = + z tan a) by v -+ u sec a. 

The integrals (2.32) are now regarded as functions of u and v, 

10(U, v) cos' sin(1? + cos O) JoV , e S 0/S1n2 dO, 

11(u,v) = FcosiOsin2OJi(V eIucosOIs1n 2adO, (3.2) 

2(u, V) = cos 0 sin O(1-cos O)fV sin a 
elu cos 0/sin2 dO. 

We note that I(-u, v) = I*(u, v) (n -0, 1, 2), (3.3) 

where the asterisk denotes the complex conjugate. From (2 30), (2-31) and (3 3) we 
note the following relations which exist between the components of the fiel(d vectors 
at any two points Pl(u, v, 0) and P2(- u, v, 0), which are symmetrically situated 
with respect to the focal plane: 

ex(- uv,q) = -e*(u, v,), h(-u, v, --h*(u, v, q4 

e,(-u,Ov,q) =-e*(u,v,q4 h (-u,v,q0) =-h*(u, v) (3 4) 

e(-u, v, 0) - e*(u, v, 0), h(-u, v, )- h*(u, v, 

If 1exj denotes the amplitude and Rx the phase of ex, the first relation in (3 4) implies 
that Ie,(-u,v,O)I = le (u,v,q)I, (3.5a) 

andl <f(-u,v,O)=--fx(uf,v,)+7r (mod27r). (3- 5 b) 

Relation (3 5 a) shows that for any two points which are symmetrically situated with 
respect to the focal plane, the amplitudes of the ex's are the same, and (3-5 b) shows 
that there exists also a simple relation between the phases. The appearance of the 
additive factor T on the right of (3'5b) is connected with the well-known phase 
anomaly at focus (cf. Born & Wolf 1959, ? 8-8, (43)). From (3.4) we see that relations 
of the form (35 a) holds also for all the other components. However, relation of the 
form (3 5b) holds for the phases of ex, ea, hx and hy only. For the phase of the 
remaining two components we have, in place of (3.5b), relations of the following 
form: Wz(-u,v,q)--!i (u,v,q) (mod27r). (3-5c) 

t When the angular aperture is small (a < 1), formulae (3d1) reduce to 
u - k(a/R)2z, 
v k(a/R) V(X2+y2)r (31 1) 

where sin a- tan c = aIR, a being the radius of the exit pupil and R the distance between 
the exit pupil and the focal plane. 

I The quantity mod 21r on the right of an equation denotes that the two sides of the equation 
are indeterminate to the extent of an additive constant 2mlT where m is any integer. 
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Thus the components of e and h in the direction of the axis of revolution of the system 
have no phase anomaly. 

From (2 30) and (2.31) it is also seen that 

h (u, v, 0) = - e ,(U, v, 4 - - 7T) 

h (u, v, S) = e (u, v, y5- 7T), (3 6) 

h (u, v, 0) = e.(U, V, q - 7T) 

Hence in any fixed plane of observation (u = constant), the e and h fields are the 
same but are rotated with respect to each other by 900 around the z-axis; this, of 
course, might have been expected, since the e and h fields in the object space have 
this relationship, and the laws relating to the transmission of these fields through 
the system are the same. 

3-1. Polarization of the image field 

To examine the state of polarization of the image field, we separate the real and 
imaginary parts of the integrals (3.2) and write 

Ir(U,v) = I(r)(u, v) +iI(U)(u, v) (n -, 1, 2), (317) 

where I(r) and I() are real. We also write 

e(u, v, q) = p(u, v, 0) + iq(u, v, V), (3.8) 

where p and q are real vectors; they are a pair of conjugate semi-diameters of the 
polarization ellipse of the electric vector. According to (2.30), (3.7) and (3.8) 

p.(u,v, 
v)- A (I(o) + l(S) cos 20), 

q,(u, 
v, 0) =A (l() + l(2) cos 20), 

p,(u, v, 0) = Al() sin 2q, qy(u, v, 0) =-A 2 sin 2, (3.9) 

p(, v, -(u, v, 0) =-2AIDrl cos 0. 

Since, according to (3.4) the integrals I0, h1 and '2 are all real when n 0 (focal 
plane), it follows that 

p(0, v, 0) = 0, qX(0 v, 0) -A [IO(0, v) + 12(0, v) cos 20], 

py(O,, 0) = 0, q(0, v, 0) --AI2(0, v) sin 20, j (3X10) 
p(O, v, 0) = - 2AI1(O, v) cos q, qZ(0, v, 0) = 0. J 

From (3.10) we see that in the focal plane p . q 0, i.e. the conjugate semii-diameters 
are at right angles to each other; hence in the focal plane, p and q are the semi-axes 
of the polarization ellipse of the electric vector. Moreover, the p-axis is perpen- 
dicular to the focal plane and the q-axis lies in the focal plane. Thus, the polarization 
ellipse of the electric vector at any point in the focal plane is at right angles to the focal 
plane. The angle X(v, 0) (- 21 < X < -fL) between the plane of the polarization 
ellipse and the plane b = 0 (the xz-plane) is giveil by 

tan,y(v, 0) = q(0', v, q) = 12(0, v) sin 2 -0 (3.11) 
qx (0 Ov, v5) 10(0, v)?+12(0, v) cos 2q5' 
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and the two axes of the polarization ellipse are in the ratio 

p.O v, q 
p(V, 2+ 7{q2(0, V, 2) +q2(0, V, 0)} 

_ _ 2 1I1(O,v)cosqj ____ 

+ ?{_L2(O, v) + 12(0, v) + 2Io(0, v) 12(0, v) cos 20 } (3 ) 

Along the y-axis (v-15 T or 31T) only one of the components in (3410), namely 

qx, is different from zero. Hence at each point of the y-axis and, in particular, at the 
focus itself, the electric field is linearly polarized in the x-direction, i.e. in the direction 

FIGuREE 2. Polarization of the electric field in the focal plane of an aplanatic system of angular 
semi-aperture ac= 600 on the image side: (a) Contours of X(V, 56); (b) Contours of p(v, VS). 

The field in the object space is linearly polarized with its electric vector in the azimuth 
= 0. The field in the focal plane is, in general, elliptically polarized, with one axis (q) 

in the focal plane, and the other axis (p) perpendicular to the focal plane. x(v, qS) is the 
angle between the plane of the polarization ellipse of the electric vector and the meridional 
plane q0 = 0, and p(v, 56) is the ratio of the p and q axes. Radial. distances are mneasulred 
in v-units. The dashed lines indicate the dark ri.ngs of the Airy pattern represented by (4.12) . 
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of vibrations of the electric field In the object space. Since p also vanishes when 

Il(Q, v) = 0, the electric field is also linearly polarized along circles centred on the 
focus, whose radii (measured in v-units) are given by the roots of this equation; 
however, along these circles, the direction of vibrations are not in general in the 
x-direction. 

The behaviour of X and p in the focal plane of an aplanatic system of angular 
semi-aperture a= 600 is shown in figure 2. The figure was computed from the 
formulae (3-11), (3 12) and (3.2) by means of the Manchester University Electronic 
Computer mark I. The details of these and other computations relating to this 
paper are given in a thesis by one of the authors (Richards 1956b). 

Figure 2 (a) shows that in the central nucleus of the image x O?, i.e. in this 
region the electric vector vibrates in planes nearly parallel to the plane which 
contains the direction of the electric vibrations in the object space and the axis of 
the system. According to figure 2 (b) the axial component (eJ) is not negligible in all 
parts of the central nucleus. 

The state of polarization of the field at points on the axis of the system (v = 0) 
is also of interest. Since h[(u, 0) = 12(u, 0) = 0 for all values of u, it follows from 
(2 30) that on the axis e, = ez= 0. Hence the electric vector at each point on the axis 
of revolution in the image space is linearly polarized, and its direction is the same as 
the direction of the electric vector in the object space. 

3-2. The energy density 

<WLe w(u, v, )>= 8 <E2> - (e.e*), 1g 16 

<Wm 
(uz,v,<0)>> =-8,<H.>?= (h.,h*)> = 

( 
(3+ 

<W(> V, = <We,(uff *) + <W.(, 1 (e3. e* + h. h*), 

denote the electric energy density, the magnetic energy density and the total 
energy density, each averaged over a time interval which is large compared to the 
basic period T = 27TI/. From (2 30) and (3.13), we have 

A2 1 
Kwe(ut, v,f7)> = G {lI1oI2 + 4 I_Il12cos2?+ II212+ 2 cos 20,1(IoI*)}, * 

<wm(u,v,7S)> = 16 {IIo12+4 lIt2 sin225+ II2I2-2cos2IS(IoI)}, (3.14) 

<w(., v, V)> = 8 {I_[012+ 2 II112 + I I2j1}4 

where M denotes the real part. 
We note that because of (3.3) (as, of course, is also evident from (3.4)) 

<We(- u, v, 0)> K<We(U, v, s)>, (3-15) 
with similar relations involving <wm> and <w>. Hence the distributions of the time- 
averaged electric energy density, magnetic energy density and total energy den8ity are 
symmetrical about the focal plane u = 0. 
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Further, we see that 
<Wm(U, VI <W)> Kwe(u, V, I -2lfT)> (3.16) 

Thus the distribution of the time-averaged magnetic energy density is identical with the 
distribution of the time-averaged electric energy density, but the distributions are rotated 
with respect to each other by 900 about the axis of the system. We also note that <w> 
is independent of 0, so that the loci of constant time-averaged total energy density are 
surfaces of revolution about the axis of revolution of the system. 

Since, for all u, 11(u, O) = I2(u,0) - 0, we see from (3-14) that along the axis of 
revolution in the image spacet 

A2 
<We> <Wm>= 1<w>= 16r Io(u,o0)2. (3.17) 

When u - v = 0, we have from (3.2) 

Io(O, 0) = f cos 0 sin 0 (1 + cos0) dO 

_16{18 (COS 3) (1 +3COSc)} (3A 1 8) 
so that at the focus itself 

<We> = <W?fl> = <W> = 1 -S(coso)(l +3COSX)}. (3 19) 

In figure 3, contours, computed from (3 14), of the time-averaged electric energy 
density in the focal planes of aplanatic systemns of selected angular semi-apertures 
a are shown. The contours of the time-averaged magnetic energy density are, 
according to (3.16), identical with those for the time-averaged electric energy, but 
are rotated by 90? about the normal to the plane of the figure. 

The first diagram in figure 3 represents the limiting case a -- 0. We shall see later (? 4) 
that in this case our solution reduces to that obtained on the basis of the usual scalar 
diffraction theory. Thus the first diagram is the ordinary Airy diffraction pattern: 
the contours are circles, the first zero contour being given by v = 122f = 3-83. As 
a increases, the pattern is seen to lose its rotational symmetry; the contours in the 
neighbourhood of the focus are then approximately elliptical, with their major 
axes in the direction of the electric vector in the object space (q = 0). Further away 
from the centre the contours are of a more complicated form and closed loops appear 
around certain points in the azimuths 0?, -,7T, 1T, 21T. For large values of -x, the 
ellipticity of the contours becomes quite pronounced and the first minimum in the 
azimuth b = O is well outside the first zero of the Airy pattern, while in the azimuth 

7= r2 it is well inside. Hence, if the wave in the object space is linearly polarized 
and detectors of electric energy (e.g. a photographic plate) are used, our solution predicts 
an increase in the resolving power in wide aperture systems for measurements in the 
azimuth at right angles to that of the electric vector of the incident wave. This conclusion 
is in agreement with a prediction of Hopkins (1943, 1945) and appears to be sup- 
ported by early experiments recorded by Carpenter (I90I). 

t Curves which illustrate the behaviour of these quantities along the axis of revolution 
are given in Richards (1956a, p. 358). This paper also contains curves which give the ratio 
(as function of a) between the values at focus computed from (3.19) and those computed by 
the application of the Huygens-Kirchhoff scalar diffraction theory. 

24 VOl. 253. A. 
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The behaviour of the time-averaged electric energy density along the azimuths 
= 0 and 4=-27T in the focal plane is shown in detail in figure 4. It is seen that along 

the azimuth 54 = 0, the minima are not true zeros; the minima are, however, zeros 
along the azimuth In = 4r. The behaviour of the time averaged total energy den- 
sity, which as already noted is: independent of the azimuth, is shown in figure 5a. 

3-3. The energy flow (Poynting vector) 
The time-averaged Poynting vector is given by 

<S> = 4 <EA H> = 8 qP(eAh*). (3.20) 

On substituting from (2.30) and (2.31) into (3.20) we obtain the following expres- 
sions for the components of <S>: 

cA2 
<S. cos 2 0{I1(I - 

cA 2 
<S sin /J{I1(I* - I*)}, (3.21) 

<SKZ> 8g {11 o12 221, 

where f denotes the imaginary part. 
We see that the magnitude of the time-averaged Poynting vector is given by 

<S cA2 (1 
l<S>t= 8 (lIo2_ [212)+ 4(J,[I1(I-I[ ])}* (3 22) 

Since this expression is independent of the azimuth q5, the loci of constant <S> I are 
surfaces of revolution about the axis of the system. 

Along the axis of revolution in the image space (v = 0) (3.22) reduces to 

<S cA2 
10, 

8S= 8IIo( 0)12; (3.23) 

on comparison with (3.17) we see that the relation K<S> Ic<w> holds at all points 
on the axis. 

From (3.21) we readily deduce that at each point in the image space the Poynting 
vector lies in the meridional plane which contains that point, and that it makes an 
angle y with the positive z-axis, given by 

=i, 
2 L_{'1' 2 )} 

S n [( I I'2I)? | V[' 1 ( '2 /t O )1}'1 ~ (3.24) 

)'sy pT4I2Io 112 12)2+ 4{4[I1(I-: _Io)]}2]v 

FIGURE 3. Contours of the time-averaged electric energy density (we> in the focal pl2ne of an 
aplanatic system of angular semi-aperture oc on the image side. 

The field in the object space is linearly polarized with its electric vector in t;he azimuth 
6=0O. The crosses, dots and circles indicate maxima, minima and saddle points respectively. 

Radial distances are mneasured in v-units. The values are normalized to 100 at5 the focus. 
The first figure, which represents the limiting case oc -? 0, is identical with the classical 
intensity pattern of Airy, characterized by (4-12). The dashed circles in the other figures 
represent the dark rings in the Airy pattern. 

24-2 
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Using the relations (3 3) we see from (3.22) that 

I<S( -u, v, )> = I<S(u, v, 5)>, (3.25) 

i.e. the magnitude of the time-averaged Poynting vector is symmetric with respect to 
the focal plane. Further, from (3 24), we have 

sin {y(- u, v, 5)} -sin {y(u, v, b)}, cos {y((- u, v, 54)} = cos {y(u, v, b)}, 

so that, for uO, y(-u, v, 5)=2r-y(u, v,q5). (3-26) 

100_ j_ _ _ _(a 

I X 

_ _ _ _ _ _ _ _ _ _ _ _ ~ ~ ~ 7 5 0 _ _ _ _ 

a=309- a~~x= 60 

21) 

0 1 2 3 4 5 6 

108 4 i X (b) 

60- 

40- 

20 

O 4 2 3 4 5 6 

V 

FIGURE 4. The variation of the time-averaged electric energy (We> along the two principal meri- 
dional sections of the focal plane in an aplanatic system of selected angular semi-aperture 
lX in the image space: (a) Meridional section 5/ 0; (b) meridional section 0-b 12. 

The field in the object space is linearly polarized with its electric vector in the azimuth 
0. The values are normalized to 100 at the focus. The curves representing the limiting 

case a -? 0 are identical with the classical Airy intensity curve given by (4.12). 
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When u = 0, we have from (3-21), since the integrals In(O, v) (n = O, 1, 2) are all 
real, KS> = KS,> O, (3.27) 

i.e. at any point in the focal plane, the time-averaged energy flow, as represented by the 
Poynting vector, is perpendicular to the focal plane. Moreover, 

<S>> 0> if 140(0,v)I > jI2(0,v)j,) (328) 
and <Sz> < 0 if 140(0,v)I < I12(0, v)j I3 

100 

(a) 

40 ___ I 

20 --. 

2 - X - - - - - - _ - _ 

0 1 2 3 4 5 6 
100 

(b) _ _ = _ _ _ _ 

v 

8 0 _ _ _ _ _ _ 

oc = 750 __ 

460 - 

~~ 40 ~~~~3 3.5 4 4.5 

20 - -_ 

0 1 2 356 

V 

FiGauaE 5. The variation of the time-averaged total energy density (a) and of the only 
non-vanishing component of the time-averaged energy flow (b) along any meridional section 
zS = const. of the focal plane of an aplanatic system of angular semi-aperture a on the image 
side. The curves represent the case of polarized as well as unpolarized wave. The curves 
in (a) also represent the variation of the time-averaged electric and magnetic energy 
densities of an unpolarized wave. The values are normalized to 100 at focus. 
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The second line implies that at points in the focal plane where 112(0, v) I > -IT(O, v) 1, 
the energy flow is directed back towards the object space.t 

The computed curves, which show the behaviour of <S.> in the focal plane of 
aplanatic systems of selected angular semi-apertures a are shown in figure 5. It is 
of interest to note that these (normalized) curves do not substantially depend on a. 
In particular, in the region of the Rayleigh limit, where the curves do not drop 
below 0 8 of their respective maxima, the differences (for any particular v-value 
in this region) are less than I %, in the full range (0 < a < 90?) of the angular semi- 
apertuire. 

4. APPROXIMATE FORM OF THE SOLUTION FOR SYSTEMS 
WITH A SMALL ANGULAR APERTURE 

The structure of images in systems with small angular aperture is usually in- 
vestigated on the basis of a scalar diffraction theory. The intensity distribution in 
the focal plane of an aberration-free system of revolution which images a point 
source was first determined in this way by Airy (i835). His analysis was extended 
by Lommel (I885) and Struve (i886), who determined the distribution in the whole 
three-dimensional neighbourhood of the focus. It is of interest to examine the form 
which our solution takes when the angular semi-aperture a is small, and to compare 
it with these early solutions. 

When a is small enough and u and v are not large compared with unity, we may 
replace the trigonometric factors in the amplitudes of the integrands in Io, I1 and I2 

in (3.2) by the leading term in their series expansions. In the exponents of the 
integrands we retain both the first and the second term in the expansion of cos 0 
since, when u is not small compared to unity, the contribution of the second term 
is evidently also significant. The integrals then become 

10(u, v) = 2 eiluj OJo (l) e-102I2c22 dO, 

It{a, v) = eiu/a2f02Ji(?) eiuO 222 dO, 1(421) 

12(u, v) = ieiua2f 03J2() e1W2I2a2 d. 

For small x, Jn(x) X and we see that I_ and I2 are of lower order in ac than Io, 
so that these integrals may be neglected in comparison with Io. Hence (2.30) and 
(2.31) reduce to ex:= h - =-iAIo, (4.2) 

ey =e =hx hz0. (4'3) 

Thus in a system with a small angular aperture, the fieldi n theimage region is effectively 
linearly polarized; and the directions of the two field vectors in the image region are 

the same as their directions in the object space. We see that in this case the image field 
is completely specified by one (complex) scalar wave (ex or hy), which is represented 
by the integral Io alone. 

t This interesting fact was already deduced by Ignatowsky (I919). 
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To evaluate Io we introduce a new variable p = 0/x and obtain 

Io(u, v) = 2x2 eilI"2f pJo(vp) e-uPu2 dp. (4.4) 

The integral on the right may be evaluated in terms of two of the Lommel functions 

oo ff n+2s 45 
Un(u,v) E (1 Jn+2(. (4.5 

introduced by Lommel in the analysis already referred to. In factt 

pJo(vp) ePiUP2 dp = - e-e iU [U1(, , v) + iUJ2(u, v)]. (4.6) 

From (4.2), (4.4) and (4.6) we obtain the following expressions for the only two 
non-vanishing field components in the image region: 

e i, = -h 2iAa2 exp(x2 2)1 [U1(u,v)+iU2(u,v)1. (4-7) 

The expressions (3.14) for the energy densities now become 

<Win = Kw> A2 <we,> _ <Wm> =-l<W> 1 o12 

A2c4 I2 [U2(u, V) _ U2(m, V)]. (4'8) 

Formulae (3.21) for the components of the Poynting vector become 

<Sx> = <SY> = 0, 

cA i2 CA I 2 U, V) + U2(, V)]. (49) 

Thus, when ac is small, the energy flow, as represented by the time-averaged Poynting 
vector, is in the direction of the positive z-axis. On comparison of (4.8) and (4.9) 
we also see that the relation 

<S>I - c<w> (4-10) 

then holds everywhere in the image region. 
The expressions on the right of (4'8) and (4.9) are proportional to the classical 

solution of Lommel and Struve for the 'intensity' in the image region of an aberra- 
tion-free system. 

t See Lommel (I885) or Born & Wolf (1959, ? 8.8). 
The Un-series converge for all u and v values, but are convenient for computations only when 

Iu/vI < 1. When lu/vl > 1, equation (4-4) may be evaluated in terms of two of the Lommel's 
Vn-functions defined by 

co 
Vz(u v) = Z ( - s (V/U)n+29Jn 2s(V). 

s=O 

The U and the V functions are related by the formula [cf. Watson I95:2, p. 537] 

U+(u, V)-(-- )n-1 V 1(u v) = sin {'(u + v2'/U- n-T)}. 
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When u = 0 (focal plane) we have from (4.7), since 

lim U,(U,v) J(v lim U2(u,v) 0 

=h =-iA/2 (2 )) (4.11) 

and (4.8) and (4 9) become 

<We>> = <W> = 22<w>=1()) (4.12) 

The expression on the right of (4.12) is proportional to the classical solution of Airy 
for the 'intensity' in the image plane of an aberration-free system. 

5. IMAGES FORMED BY AN UNPOLARIZED WAVE 

So far we have assumed that the wave entering the system is linearly polarized. 
We shall now briefly consider the case when the wave is unpolarized. 

\,,," 'AXp 

Oy k 

FIGURE 6. Change of reference system. Section at right angles to the axis of revolution. 

An unpolarized incident wave may become partially polarized on refraction 
(or on reflexion) at the successive surfaces of the system. However, if the angles of 
incidence at each surface are small, as is assumed, the degree of polarization intro- 
duced in this way will also be small and we may, therefore, consider the wave 
emerging from the system to be effectively unpolarized. If further we assume that 
the wave is quasi-monochromatic, with mean angular frequency w, the expressions 
for the time-averaged energy densities and energyflow maybe obtained by averaging 
the corresponding expressions relating to the polarized wave over all possible 
states of polarization. 

To carry out this averaging it is convenient to choose a new set of co-ordinate 
axes 06, 0Q at right angles to each other and to the axis of revolution. Let 00 be the 
angle between 06 and the direction Ox of the electric vibrations of the incident 
wave, and let qS be the angle between 06 and the azimuth which contains the point 
P of observation (see figure 6). Then the first formula in (3-14) for the time-averaged 
electric energy density at a point P of observation becomes, since 0 = - 00, 

<We> = (A2/l167T) {IoI2 ?4 i12 cos2 (25p- 1 o) + 11212 + 234(I0I*j) cos [2(q1- 0)]}. (51) 
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If we denote by vertical bars an average over all possible values of 00 (O < 00 < 2ir) 
it follows that when the incident wave is unpolarized the time-averaged electric 
energy density at P ist 

<We> = J( we> 16 {Io|+2 IW d l2T+ I212} (52) 

We note that <we> is independent of qp so that the loci of the constant averaged 
electric energy are surfaces of revolution about the axis of the system, as was to 
be expected from symmetry. In a strictly similar manner we obtain expressions 
for <wm> and <w>, and we have in all 

<We> = <Wnm> = 1<w> = (A2/167T){[Io[2+2 1h12+ 1121} (6.3) 

Comparison with the last expression in (3 14) shows that each term in (563) is also 
equal to one-half of the total energy density of the polarized wave. The distribution 
of this quantity in the focal plane has already been given in figure 5. 

Next consider the energy flow. It is again convenient to transfor-m first the 
expressions for the polarized case so that the co-ordinates which appear in them 
are referred to the fixed axes 0, 0y, independent of the direction of polarization 
of the incident wave. Let <Sg> and <Sn> be the components of the time-averaged 
Poynting vector in the direction 06, 0Q. Then 

= ><S >cos 00-<S,> sin 00, (5.4) 

< = KS> sin 50 + <Sv,> cos 00. 

On substituting for <S.> and <S.,> from (3-21), where again 0 is replaced by qp - 00 
we find that <Sg> and <Sn> are given by the same formulae as <Sx> and <S,,> but 
with 55p written in place of 0. Since these formulae are independent of 00, they apply 
not only to the polarized wave but also to the unpolarized one, i.e. 

<S>= <Sg> = (cA2/47T) _f{I1(12 - I*)} cos Op (5.5a) 

=S, > <S> - (cA2/4r) {I1(I-I )} sin p. (5-5b) 
The remaining component, in the direction of the axis of revolution is, as before, 
given by the last formulae in (3.21), 

,S>= S> = (cA2187T) { Io-1. |2. 55c 

It immediately follows that the results expressed by (3.22), (3.23) and (3.24) hold 
also for the unpolarized wave. 

When the angular semi-aperture oa is sufficiently small (ac -- 0) one may, as in 
? 4, neglect I, and 12 in comparison with Io. The above formulae then become, when 
(4.4) and (4.6) are used: 

-A2xC4 1 
<We> = <Win> =w> - 

4 2 [U'(u, V) + U2(u, V)], (5.6) 

= <SK> = O, (5.7a) 

KSZ> = 2w -2 [U1(u, V) + U2(u, V)]. (5-7 b) 

t The factor lo entering the constant A = rflo/A may now be related to the averaged electric 

energy density (We>i of the incident wave in the object space by the formula 

(We>i = (1/167T)(eO-e*) = (1/167T)l0- 
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Here U1 and U2 are again two of the functions defined by (4-5). For points of obser- 
vation in the focal plane (u = 0) these formulae reduce to 

_ ~~~A2a' 12J1(V)\2 
<We> = <wM> = <7w> = I 2<S>1 = 16T ( v) (5.8) 

As already noted in connexion with the corresponding formulae (4.8), (4-9) and 
(4.12) the quantities on the right-hand sides of (5 6) and (5-7 b) are proportional to 
the classical solution of Lommel and Struve for the 'intensity' in the image region 

TABLE 1. COMPARISON OF DATA RELATING TO THE STRUCTURE OF THE ELECTRO- 

MAGNETIC FIELD IN THE FOCAL PLANE (u = 0) OF APLANATIC SYSTEMS FOR 

SELECTED VALUES OF ANGULAR SEMI-APERTURE a ON THE IMAGE SIDE 

<W,e(u, V, q)> and <Wm(6u, v, v5)> represent the time-averaged electric energy density and 
magnetic energy density respectively. <S(u, v, 0)> represents the only non-vanishing com- 
ponent (in the direction of the axis of the system) of the time-averaged energy flow. All the 
quantities are normalized to 100 at the focus u = v = 0. 

Quantities with a vertical bar refer to an unpolarized wave, the others to a linearly polarized 
wave in the object space, with its electric vector in the azimuth 0 = 0. The third row in each 
division of the table also represents one-half of the time-averaged total energy density <w>, i.e. 

<We> = <W.> = 2 <w> = 2 <w> 

The entries in the column ca - 0 are identical with values given by the intensity formulae 
(4.12) of Airy. 

v 

value quantity a -0 c = 30? c = 60? a = 75? a - 90? 

(W<e(0 V, 0)> = <W(0, V, 7T)> 0-93 0-98 1-16 1-33 1-48 
(We(, V, 1T)> = <W.(O, v, 0)> 0-93 0-93 0-89 0-86 0-84 

80 <we(O, v, )> = <w.(O, v, 0)> 0-93 0-95 1P00 1P03 1-05 

<1(O0) VI >= <S(0,v,I0)> 0-93 0-93 0-93 0-93 0-91 

( (We(0,V,0)> =(<Wm(0 ,V4 7T)> 1-40 1P47 1-73 1-95 2-10 

< (We(O,, 17T)> = <W (O, V, 0)> 1P40 1P38 1P32 1P30 1P26 
60 (j We(0 v, ?)> = <W.(0, v, ?) > 1P40 1P42 1P50 1P55 1P58 

<SZ(0,VI 0)> = <S0(0,v, 0)> 1-40 1-40 1-39 1-38 1-36 

(<we(O, V,0)> = <Wm(O, V, 47T)> 1P83 1P94 2-27 2-50 2-63 
<We(, V,7T)> -<W(O, V, 0)> P183 1P82 1-76 1P70 1P64 

40 j <We(0,,V0)> 
= <W (0,V,0)> 1P83 1P87 1P99 2-05 2410 

<S,(O, v, 0)> =(S'(O,v, 0)> 1-83 1-83 1-82 1-82 1-79 

<we(0, V,0)> = <W.(0, V 7T)> 2-36 2-50 2-93 3414 3-23 
<We(0, V,7T)> = <W(0,V,0)> 2-36 2-33 2-22 2-16 2-10 

20 <w(0 vI 0)> = <Wm(0, v, 0)> 2-36 2-41 2-56 2-66 2-73 

(<S(O,v,qs5)> = <S,(0,v,0)> 2-36 2-36 2-34 2-33 2-27 

(<We(0,V0)> Wm(0,V4IT)> 3-83 4415 4.75 4-75 4 70 

< (We(0,V4T)> (Wm(0,V,0)> 3-83 3.77 3-56 3-40 3-29 
lst min. <{(W(0,Vv, 0)> (<W.(0,V,S0)> 3.83 3-95 - 

<8(01VI 0)> <(S(,0,v, 0)> 3.83 3-80 3-80 3-76 3-70 

f (We(0,V, 0)> = <Wm(0, V 17T)> 7f02 7-03 8410 8410 8-00 
( <W(0 V,,)> = (Wm(0,V,0)> 7-02 6-95 6-85 6-70 6-55 

2ndmin. <(We(,ov,q)> 
= 

<w.(0,,55)> 7-02 - - _ 

< (S0(0,VIq0)> = <S(0,v,)> 7-02 7-02 7-02 7-02 6-95 
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of an aberration-free system, and the expression on the right-hand side of (5.8) is 
proportional to the classical solution of Airy for the 'intensity' in the image plane. 

Let us denote by suffix zero expressions (such as (5-6)) which refer to a low aper- 
ture system (oa-- 0). Then from (4.8), (4.9), (5.3), (5.6) and (5.7) the following 
relations are seen to hold: 

<SZ>O = S>o = c<w>0 < c<w> = c<w>, (5 9) 

<We>o =KWm>0oW-l0 <W Kw>z z- <Wm> = <we> (5.10) 

In practice, detectors of electric energy are usually used. The relation <we>o < <we> 
implies that the pattern recorded in any particular receiving plane (w const.) 
will then be broader in a system with a wide angular aperture than in one with a 
low angular aperture. For patterns in the focal plane, this effect is seen in figure 5 a 

which also shows that <we> has no exact zeros, nor pronounced subsidiary maxima. 
Finally, some of the main data which relate to the structure of the image in the 

focal plane of an aplanatic system are summarized in table 1. Data relating to both 
polarized and unpolarized incident waves are given. 

The very extensive calculations on which the diagrams and the table in this 
paper are based were carried out on the Manchester University Electronic Computer 
mark I. We are indebted to Mr R. A. Brooker for helpful advice on computational 
techniques. We are also obliged to Miss B. Wood for help with construction of the 
contour diagrams shown in figures 2 and 3. 
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